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Abstract. We construct here a conformally invariant differential op- 
erator on algebraic Weyl tensors that gives special curved analogues of 
certain operators related to the deformation complex and that, upon 
application to the Weyl curvature, yields the (Fefferman-Graham) am- 
bient obstruction tensor. This new definition of the obstruction tensor 
leads to simple direct proofs that the obstruction tensor is divergence- 
free and vanishes identically for conformally Einstein metrics. Our main 
constructions are based on the ambient metric of Fefferman-Craham and 
its relation to the conformal tractor connection. We prove that the ob- 
struction tensor is an obstruction to finding an ambient metric with 
curvature harmonic for a certain (ambient) form Laplacian. This leads 
to a new ambient formula for the obstruction in terms of a power of 
this form Laplacian acting on the ambient curvature. This result leads 
us to construct Laplacian type operators that generalise the conformal 
Laplacians of Craham-Jenne-Mason-Sparling. We give an algorithm for 
calculating explicit formulae for these operators, and this is applied to 
give formulae for the obstruction tensor in dimensions 6 and 8. As 
background to these issues, we give an explicit construction of the de- 
formation complex in dimensions n > 4, construct two related (detour) 
complexes, and establish essential properties of the operators in these. 
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1. Introduction 

The Bach tensor j2| has long been considered an important natural in- 
variant in 4-dimensional Riemannian and pseudo-Riemannian geometry and 
continues to play an interesting role. See for example. It is confor- 

mally invariant, vanishes for metrics that are conformal to Einstein metrics, 
and arises as the total metric variation of the action J |Cp, where C denotes 
the Weyl curvature. From the latter and the conformal invariance of the 
Weyl curvature, it follows that it is a symmetric trace-free 2-tensor which 
involves 4 derivatives of the metric. An explicit formula for the Bach ten- 
sor in terms of the Weyl curvature C, the Ricci tensor, and the Levi-Civita 
connection is very simple: 

(1) Bab = W'^Cacbd + \ W Cacbd. 
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In higher even dimensions n, an analogue of the Bach tensor was discovered 
by Fefferman and Graham it arose as an obstruction to their ambient 
metric construction. This Fefferman- Graham obstruction tensor, which we 
denote Oat (or sometimes O"^), shares many of the properties of the Bach 
tensor. It is a trace-free symmetric 2-tensor that vanishes for conformally 
Einstein metrics. The obstruction tensor has the form A"'/^~^V'^V'^Cacfed + 
lots. Here "lots" indicates lower order terms. There is strong evidence that 
the obstruction tensor will be as important in each even dimension as the 
Bach tensor is in dimension 4. Very recently Graham and Hirachi have 
shown that Oab is the total metric variation of / Q, where Q is Branson's Q- 
curvature [3 El- This generalises the situation in dimension 4, since in that 
case J Q and / |Cp agree up to a multiple. There is a direct link between the 
obstruction tensor and the non-existence of certain operators on conformal 
manifolds which also generalises the 4-dimensional setting jJEl and further 
indicates the critical role of the obstruction tensor. 

Despite this progress, the obstruction tensor has remained somewhat mys- 
terious, partly due to the lack of a general formula. In the next section we 
explain that there is a fundamental difference between the Bach tensor in 
dimension 4 and the obstruction tensor in even dimensions 6 and greater. 
The idea is as follows. Prom the Bianchi identities, the expression Q for 
the Bach tensor can be written as V(^V'^)a,M + iRic'"^ Cacbd, where the 
parentheses indicate symmetrisation over the index pair cd. The differen- 
tial operator V^'^V"'-* -|- ^ Ric'^'^ is a conformally invariant operator which acts 
on the bundle of "algebraic Weyl tensors" (i.e. the bundle whose sections 
are 4-tensor fields with the same conformal weight and algebraic symmetries 
as the Weyl curvature) and takes values in a (density weighted) irreducible 
tensor bundle. One might hope that a similar result would hold in higher 
dimensions. This is not the case. In Proposition 12. H we establish that 
in dimensions n > 6, the obstruction tensor cannot arise in this manner 
from a conformally invariant operator that acts between irreducible tensor 
bundles. This is an easy consequence of representation theory results of Boe- 
Collingwood which give a classification of conformally invariant operators 
on the sphere. (See and references therein.) One focus of this article 
is to describe the correct generalisation of the described construction of the 
Bach tensor. This is Theorem 12. 3( which is one of the main results. 

In the conformally flat setting, the conformally invariant operator defined 
in the previous paragraph is the formal adjoint of an operator in the so-called 
(conformal) deformation complex. This is a complex of conformally invariant 
differential operators arising in connection with infinitesimal deformations 
of a conformal structure based at a conformally flat metric. The linearisa- 
tion of the obstruction tensor, which we denote B, is an operator in a class 
of conformally invariant operators acting between bundles in the complex. 
These "long operators" are predicted by the Boe-Collingwood classification. 
In Proposition 12. 2| we show that the linearised obstruction operator and 
another long operator, that we denote L, factor through operators from the 
complex. For example, we obtain that B = GC, where C is the linearised 
Weyl curvature operator and G is a gauge companion operator for L. That 
is, L and G have the same domain space (algebraic Weyl tensors), the system 
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(L, G) gives a conformally invariant equation, and in Riemannian signature 
this system is elliptic. Theorem 12 .HI gives a curved analogue of this picture. 
The theorem describes a conformally invariant differential operator B which, 
on general conformal manifolds of even dimension, acts on algebraic Weyl 
tensors and takes values in a reducible bundle. In dimensions n > 6, compos- 
ing this with projection to a quotient gives a conformally invariant operator 
L which takes algebraic Weyl tensors to weighted algebraic Weyl tensors; L 
generalises L to conformally curved manifolds. This operator annihilates the 
Weyl curvature C, and IB(C) is the obstruction tensor. An application of 
these results is given in Proposition 12. 4| which relates (in the conformally 
flat setting) the conformally invariant null space of the system (L, G) to the 
cohomology of the deformation complex. 

For a conformal structure of dimension n, the ambient metric is an asso- 
ciated, suitably homogeneous, and Ricci-flat metric on an (n + 2)-manifold. 
In pH], Oab arose as an obstruction, in even dimensions, to the existence of 
a formal power series solution for this ambient metric. In Section 13.21 we 
show that the obstruction tensor may equivalently be viewed as a formal 
obstruction to having the ambient curvature harmonic for a certain ambient 
form-Laplacian This leads to a new proof that the obstruction tensor is 
an obstruction to the ambient metric (see (v) of Theorem I4.4p and a very 
simple ambient formula for the obstruction. Let R denote the curvature of 
the ambient metric. Then ^/'^~'^R is a disguised form of the obstruction. 
This is also established in Theorem 14.41 and in the same place used to give a 
new proof that the obstruction is divergence-free, i.e. that V^Oab = 0. (An 
alternative proof of this last result is given in [20], and it also follows from 
the variational characterisation given in See pj.) 

Interpretation of these results on the underlying conformal manifold is 
achieved via tractor bundles. The standard tractor bundle is a vector bun- 
dle with a conformally invariant connection that we may view as arising as 
an induced structure from the Cartan bundle with its normal conformal Car- 
tan connection. On the other hand, this rank n + 2 vector bundle also arises 
in a simple way from the tangent bundle of the ambient manifold. Using 
this observation, we construct (Theorem 14.11 and Proposition I4.S|1 families 
of conformally invariant operators with leading term a power of the Lapla- 
cian; these act between arbitrary tractor bundles of an appropriate density 
weight and generalise the GJMS operators of (HHI- In Theorem 14.21 we show 
that the obstruction tensor is obtained by applying one of these operators, 
namely which has the form + lots, to the tractor field W that 

corresponds to R. Thus the problem of finding formulae for the obstruction 
tensor is reduced to understanding the special case Pn/2-2 of the generalised 
GJMS-type operators f^fc. 

There is a 1-1 correspondence between between Einstein metrics and a 
class of parallel standard tractors (221 ES]- This, with the tractor formula 
for the obstruction 53^/2-2 forms the basis of the proof of Theorem 14. 3| 
which shows that the obstruction vanishes for conformally Einstein metrics. 

Theorem 14.11 constructs a very general class of Laplace type conformal 
operators. The inductive steps leading to Theorem 14. 1 1 vield a simple and ef- 
fective algorithm for calculating explicit formulae for the conformal Laplacian 
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operators of that theorem. Hence by Theorem l4.2| they give an algorithm for 
calculating explicit formulae for the obstruction. This algorithm is efficient 
in the sense that it does not entail constructing the ambient manifold but 
uses just its existence; the algorithm recovers only those invariants of the 
ambient metric that actually turn up in the final formula for the operator. 
In Section 14.21 explicit tractor formulae for conformal Laplacian operators 
are given. See expressions lf?)?)|l and ifTTjl . These are then applied to the W- 
tractor to give formulae for the obstruction in dimensions 6 and 8. Tractor 
formulae are given in l(67jl and l(73|l . and formulae in terms of the Levi-Civita 
connection and its curvature are given in l(68|l and in Figure Q 

The next section establishes the basic background and notation before 
constructing the conformal deformation complex and introducing some re- 
lated operators. It is a pleasure to thank Tom Branson and Robin Graham 
for helpful discussions. 

2. Relationship to the conformal deformation complex 

We first sketch here notation and background for conformal structures. 
Further details may be found in ^1 122^ or We mainly follow the no- 
tational conventions of the last of these. Let M be a smooth manifold of 
dimension n > 3. To simplify our discussions we assume M is orientable. Re- 
call that a conformal structure on M is a smooth ray subbundle Q C S'^T*M 
whose fibre over x consists of conformally related metrics at the point x. The 
principal bundle vr : Q — s- M has structure group M+, and so each represen- 
tation M+ 3 X x"""/^ G End(]R) induces a natural line bundle on (M, [g]) 
that we term the conformal density bundle E[w]. We shall write £[w] for the 
space of sections of this bundle. Here and throughout the article, sections, 
tensors, and functions are always smooth. When no confusion is likely to 
arise, we will use the same notation for a bundle and its section space. 

We write g for the conformal metric, that is the tautological section of 
S^T*M (g) E[2] determined by the conformal structure. This will be used 
to identify TM with T*M[2]. For many calculations we will use abstract 
indices in an obvious way. Given a choice of metric g from the conformal 
class, we write V for the corresponding Levi-Civita connection. With these 
conventions the Laplacian A is given by A = g°'^V a^b = V^V;, . Note E[w\ 
is trivialised by a choice of metric g from the conformal class, and we write V 
for the connection corresponding to this trivialisation. It follows immediately 
that (the coupled) Vq preserves the conformal metric. 

The curvature Rab^d of the Levi-Civita connection is known as the Rie- 
mannian curvature and is defined by [Vq, Vb]v^ = Rab'^d.v'^- (Here and below, 
[•, •] indicates the usual commutator bracket.) The Riemannian curvature 
can be decomposed into the totally trace-free Weyl curvature Cabcd and a re- 
maining part described by the symmetric Schouten tensor Pab, according to 
Rabcd = Cabcd + '^gc[aPb]d + '^9d[bPa]ci where [■ ■ ■ ] indicates the antisymmetri- 
sation over the enclosed indices. The Schouten tensor is a trace modification 
of the Ricci tensor RiCc,;, and vice versa: RiCat = {n — 2)Pab + Jgab^ where we 
write J for the trace Pg"' of P . Under a conformal transformation we replace 
a choice of metric g by the metric g = e^^g, where u; is a smooth function. 
Explicit formulae for the corresponding transformation of the Levi-Civita 
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connection and its curvatures are given in e.g. [SI EH- We recall that in 
particular the Weyl curvature is conformally invariant Cabcd = Cabcd- 

A notion that we will use later is that of total order of a tensor. A 
tensor T°'"''^c-. ci of weight w and with k contravariant indices and £ covariant 
indices will be said to be of total order i — k — w. For example, the Weyl 
curvature, the Schouten tensor, and the scalar curvature all have total order 
2. The conformal metric gr^^ has total order zero, and so the total order 
of any tensor is unchanged by the raising and lowering of indices using the 
conformal metric. 

We will be interested in certain natural differential operators. We say 
that a differential operator P is a natural differential operator if it can be 
written as a universal polynomial in covariant derivatives with coefficients 
depending polynomially on the metric, its inverse, the curvature tensor, and 
its covariant derivatives. The coefficients of natural operators are called 
natural tensors. In the case that they are scalar they are often also called 
Riemannian invariants. Note that for any tensor T with total order t, VT 
has total order t+1. It follows immediately that for any natural differential 
operator P that has T in its domain, the total order of PT is at least t. We 
say P is a conformally invariant differential operator if it is well-defined on 
conformal structures (i.e. is independent of a choice of conformal scale). 

We will use E'' as a convenient alternative notation for a''T*M. The 
tensor product of E'^ (g) E^, £ < n/2, k < \n/2], decomposes into irre- 
ducibles. We denote the highest weight component by E^'^. (Here "weight" 
does not refer to conformal weight, but rather the weight of the inducing 
0(n)-representation.) We realise the tensors of -E^'^ as trace-free covariant 
{k + ^)-tensors Ta^...a^f,i- bi which are skew on the indices ai • • • and also 
on the set bi ■ ■ - bi. Skewing over more than k indices annihilates T, as does 
symmetrising over any 3 indices. Then we write, for example, E'^'^l'w] as a 
shorthand for the tensor product E'''^ E[w]. The space of sections of each 
of these bundles is indicated by replacing E with £. These sections are the 
algebraic Weyl tensors as discussed in the introduction, that is, tensors Uabcd 
with the same symmetries and weight as the Weyl curvature. In particular, 
the Weyl curvature itself is a section in <S^'^[2]. We will also often use the 
notation Ek^£[w] as a shorthand for E'''^[w + 2k + 2£ — n]. This notation is 
suggested by the duality between S'^'^lw] and Ek/[—w\\ for G £^'\w\ and 
■0 G £k/[—w\j with one of these compactly supported, there is the natural 
conformally invariant global pairing 



where G ^] denotes a complete contraction between ip and -0- 

Since the Weyl curvature is conformally invariant, it follows easily that the 
linearisation (at a conformally flat metric) of the non-linear operator g i— > 
(jg £ £;2,2j2j (with the Weyl curvature of the metric g) is a conformally 
invariant operator C : £^^'^[2] — s- £"^'^[2]. The formal adjoint of a conformally 
invariant operator is again conformally invariant. In particular, the formal 
adjoint of C is conformally invariant: 




C:^2,2[-2]-^i,i[-2]. 
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Now observe that in dimension 4 we have £"^'^[2] = <?2,2[— 2], and so C* acts 
on the space f^'^[2], i.e. the algebraic Weyl tensors. It is given exphcitly 
(up to a multiple) by Uabcd ^ (V^^V^^ + P"''^)Uabcd- It is straightforward 
to verify directly, using the transformation formulae from |27| . that this is 
also conformally invariant in the general curved case (or alternatively this is 
immediate from lEU)) and this operator applied to the Weyl curvature gives 
the Bach tensor. 

On conformally flat structures of dimension at least 4, the null space 
of C locally agrees with the range of the conformal Killing operator K : 
£^[2] — > £^^'^[2] given by Va i— > ^{a''^b)o (where (• • • )o indicates the symmetric 
trace-free part). These operators give the initial sequence of the conformal 
deformation complex. On oriented structures of dimension 4 this complex is 
simply 

£^[2] ^ £'^'^[2] ^ £^'^[2] ^-^ £i,i[-2] ^ £i[-2], 

where -k is the (conformal) Hodge star operator. Recall that in even dimen- 
sions this gives an isomorphism on the space of middle forms -k : £^"/^ £'"'/^, 
and so it also gives an isomorphism : £'^/'^''^[2] —>■ £^"/^'^[2]. 

The situation is more complicated in higher dimensions. In the defor- 
mation complex, the operator C is followed by the Weyl-Bianchi operator 
Bi : £"^'^[2] £"^'^[2], given (in a conformal scale) by 

(2) Uabcd ^ (n - 3)V[aUbc]de " 9d[a^ \s\Ubcf e + 9e[a^ \s\Ubcf d- 

Here the vertical bars |-| indicate that the enclosed indices are omitted from 
the skew symmetrisation process. (Note that an easy consequence of its 
symmetries is that the operator is trivial in dimension 4.) On oriented 
structures the formal adjoints of these operators conclude the complex, and 
so we have the picture 

• ^ ^l'l[2] ^ ^2,2 [2] ^ £:3,2p] ^ . . . ^ £.^^^[-2] ^ ^2,2 [-2] ^ ^1,1 [-2] ^ • 

Here we have omitted the initial and terminal section spaces (£"^[2] and 
2] respectively), since they are outside the main focus of our discussions. 
In dimensions other than 6, Bi is Bi*. In dimension 6 it means the composi- 
tion Bi*^^-. The Hodge star is also implicitly used in interpreting the diagram 
in dimension 5. In this case it gives isomorphisms -k : £'^'^[2] — > £'3^2 [—2] 
and ~k : E^''^[2] £2,2 [—2], and under these Bi is identified, modulo a 
sign, with Bi*. In the dimensions n > 5, C* is given by the same for- 
mula as in dimension 4, viz. Uabcd (V^"V^^ -|- P"'^)Uabcd- In even di- 
mensions n > 8, the centre of the pattern consists, in an obvious way, of 
operators Bi(fc) : £"''•^[2] £^^"+^'^[2] for A; = 3, • • • n/2 - 1, their formal ad- 
joints Bi(^) : £k+i^2[-2] £'fc,2[-2] for k = 3,- ■■n/2 - 2, and Bi(„/2-i)^ : 
£■"-72,2 1-2] £^„/2-i,2[~2]. The operators Bi(;j) generalise (jSJ, which can be 
viewed (up to a constant multiple) as the "k = 2 case". For U € £^''^, an 
exphcit formula is (Bi(fc)?7)aoai-afc6ib2 = ^^oK^aoUa^-akbibi), where Proj is 
the bundle morphism which executes the projection into £''^"''^'^[2]. In odd 
dimensions n > 7, we have the operators Bi(fc) for A; = 3, • • • [n/2 — Ij , their 
formal adjoints for fc = 3, • • • [n/2 — 2j . (The operator Bi(^„/2-iJ) is formally 
self-adjoint). 
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In each dimension, the operators of the deformation complex are all con- 
formally invariant, and the complex is locally exact and extends to give 
a resolution (on the sheaves of germs of smooth sections) of the sheaf of 
conformal Killing fields. This is a particular generalised Bernstein- Gelfand- 
Gelfand (gBGG) resolution. These resolutions are well understood and clas- 
sified through the dual theory of generalised Verma modules, and the explicit 
construction of the complex above is an immediate consequence of the (lo- 
cal) uniqueness of the operators in the relevant gBGG resolution, along with 
explicit verification of the conformal invariance and non-triviality of the op- 
erators mentioned. See [2l| for an alternative construction of the complex 
via a theory of overdetermined systems of partial differential equations based 
around Spencer cohomology. 

According to the results of 0, in even dimensions the operators of the de- 
formation complex are not the only conformally invariant operators between 
the bundles involved. There are also "long operators" £^'^[2] — > f^^^f— 2], and 
an additional pair of operators about the centre of the pattern. We obtain 
the operator diagram 

• ^ ^i'M2] ^ f2,2[2] ^ ^3,2[2] ^ . . . ^ £:3^2[_2] ^ 82^-2] ^ fi,i[-2] ^ • 

I , I ^ t 



for dimensions 10 or greater. The operators in this diagram are unique (up 
to multiplying by a constant), and the diagram indicates by arrows all the 
operators between the bundles explicitly presented. Thus, by implication, 
all compositions vanish. The same diagram applies in dimensions 8 and 6 
with minor adjustments. In dimension 8 there are two "short" operators with 
domain £''^'^[2] and two with range £^3^2 [—2]. From these there is one non- 
trivial composition <5^'^[2] — > £"3 2 [—2]. Similiarly in dimension 6 we have 
T^Bi : £:2'2[2] ^ £-3'2[2] and Bi* : £^^"^[2] £"2,2 [-2], as well as the operators 
indicated, and L = Bi*Bi. In dimension 4 the corresponding diagram is 



^ £:i'i[2] ^2,2 [2] y^fi^i[-2] 

T^C C* 



and in this case B := C*C. Evidently on even-dimensional conformally flat 
structures there are detour complexes (cf. (Hj), where one shortcuts the de- 
formation complex via a long operator. The examples relevant here are 

(3) £\2] ^ £^^\2] £i,i[-2] £i[-2] 

and in dimensions n > 6, 

£\2] ^ £^^\2] ^ ^2,2 ^ ^2,2 [-2] ^ ^1,1 [-2] £^[-2]. 

These have applications in constructing torsion quantities which generalise 
Cheeger's de Rham half-torsion [TT)] . 

According to jTHj, the obstruction tensor Oah is a trace-free symmetric 
2-tensor of weight 2 — n. That is, it is a section of £"1^1 [—2] = £"^'^[2 — n]. 
From the general theory in [l2j) we know that all the operators indicated 
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explicitly by arrows in the diagrams above admit curved analogues, that is, 
generalisations to general conformal structures. (In fact, the formulae given 
above for K, C*, and Bi give conformally invariant operators on general 
structures. We will continue to use this notation for these operators even in 
the conformally curved setting.) From the diagrams, however, the difference 
between dimension 4 and higher even dimensions is clear. In dimension 4 
there is a conformal operator £"^'^[2] — > i[— 2] that yields the Bach tensor, 
as described above. In higher dimensions the conformally invariant C* does 
not have <5^'^[2] as domain. These observations establish the following key 
point. 

Proposition 2.1. In even dimensions n > Q, there can be no conformally 
invariant differential operator S"^'"^ [2] Si^i[—2] that recovers the obstruction 
tensor upon application to the Weyl curvature C . 

If there were such an operator, then by Theorem 14.41 below, or by j^, it 
would necessarily have as highest order term A"/^~^V"V'^[/afecd- Its lineari- 
sation would therefore be an operator £^^'^[2] 8i^i[—2]. But there is no 
operator between these bundles in the diagram. 

This brings us to the question of whether, in dimensions n > 6, there can 
be any conformally invariant operator that yields the obstruction tensor. We 
will see that there is, and we will construct the operator. To understand how 
this works, it is helpful to expose some properties of the operators B and L. 

Proposition 2.2. The operators B : £^'^[2] £i,i[-2] and L : £'^''^[2] 
£2,2[—2] are formally self-adjoint. In each even dimension n > 6 the following 
holds: there is a natural linear differential operator H : £^^'^[2] — > £^2,2 [—2] 
such that B is given by the composition 

B = CHC; 

there is a natural linear differential operator N : £^^'^[2] — > £"3^2 [—2] such that 
L is given by the composition 

L = Bi*NBi. 

A proof of this is given in Section ^ The proof there uses the geometric 
tools we develop shortly. The factorisations described in the proposition 
can also be established via central character arguments (and see also jH]). 
Note that L is only defined in even dimensions n > 6. In dimension 6, N 
is the identity. Otherwise, from the classification of conformally invariant 
operators on conformally flat manifolds, as discussed above, it follows that 
the operators H and N are not conformally invariant. 

On conformally flat structures the operator G := C*H is not conformally 
invariant [n 7^ 4). It is, however, conformally invariant on the range of 
the linearised Weyl curvature, and we have B = GC. On the other hand, L 
annihilates the range of C. The theorem below gives special curved analogues 
of these operators. 

We need some further notation. On conformal manifolds of dimension n 
there is a natural reducible, but indecomposable, bundle VF2,2 that has the 
composition series £'2,2 [—2] 6--E'2,i[— 2] 6--E'i,i[— 2]. This means that £^1^1 [—2] 
is a (conformally invariant) subbundle and that £2,1 [—2] is a subbundle of 
the quotient VF2,2/-E'i,i[— 2]. The bundle W2,2 (which is a subbundle of a 
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certain tractor bundle) is constructed explicitly in proof of Theorem 12 .HI 
in Section HJ and given a choice of metric g from the conformal class, it 
decomposes as [W2,2]g = -E'2,2[-2] e£'2,i[-2] e£;i,i[-2]. Let us write I* and 
P for the respective canonical bundle maps W2,2 — > -E2,2[— 2] and W2,2 
-5-2, 2[— 2] 6- £'2,1 [—2] (which are unique up to a constant multiple). 

Theorem 2.3. On conformal manifolds of even dimension n > 6 there is a 
natural non-trivial conformally invariant linear differential operator 



with the following properties: 

(i) The composition (I*B =: L) : £"^'^[2] — > <f2,2[— 2] is a non-trivial confor- 
mally invariant differential operator of order n — 4. 

(m) There is a linear differential operator IB such that BB = + lots. Thus 
on Riemannian signature conformal structures, B is graded injectively ellip- 
tic. 

(m) For the Weyl curvature C G £^'"^[2] we have B(C) G f'i,i[-2]. The 
natural conformal invariant Oab £ 2] given this way agrees with the 

obstruction tensor. 

We prove the theorem in Section 01 Note that there is a degenerate version 
of the theorem for dimension 4; see expression and the comments that 
follow it. 

From the uniqueness of L it is clear that on conformally flat manifolds 
L recovers L (up to a constant multiple). However L is a special curved 
generalisation of L, since the property L{C) = generalises to arbitrary con- 
formal structures the vanishing of the composition LC. Since L{C) vanishes, 
it follows from the composition series for W2,2 that the component of B(C) 
in £^2,1 [—2] is a natural conformal invariant. That this also vanishes is also 
a special property of B that, in a sense, carries to general structures the 
non-existence of an operator <f^'^[2] (?2,i[— 2]. It follows that on confor- 
mally flat structures the composition BC determines a non-trivial operator 
f^'^[2] — > <f^i_i[— 2] which therefore agrees with B. If, for each metric g in 
the conformal class, we write G for the composition of B followed by projec- 
tion to the component <fi^i[— 2] (we have such a projection since, recall, >V2,2 
completely decomposes, given a conformal scale), then, by construction, G 
is a curved analogue of the operator G. That is, the restriction of G to 
conformally flat structures is G. Note that G has the special property that 
G{C) = O, and (as we will see from the construction of W2,2) although G 
is not conformally invariant, the conformal variation of G under g ^ e^^ g is 
only quadratic in oj. Since G also has this sort of variation, this is optimal. 

In the conformally flat case, it is easily shown that PB can be re-expressed 
as a composition UL. (Here U is the operator (|36]l. below, except with w 
set to 6 — n, and this result follows from the non-existence of a non-trivial 
conformal operator £^^'^[2] — s- £"2,1 [—2].) It follows from this and {ii) that (in 
even dimensions n > 6) (L, G) is a right factor of a Laplacian. That is, there 
are linear differential operators L and G such that 



^2,2[-2]^^2,i[-2]^^i,i[-2] 




10 



A.R. COVER AND L.J. PETERSON 



Since also G is conformally invariant on the null space of L, it follows that 
G is a conformal gauge companion operator in the sense of (See also 
PI). Thus in Riemannian signature, the operator pair (L, G) is an elliptic 
system. Since L has Bi as a right factor, the system (Bi, G) is also elliptic and 
has a conformally invariant null space. Let us denote this by TY^, and note 
that on compact manifolds, T-Cq is finite- dimensional. This is closely related 
to the second cohomology of the deformation complex. For example, from 
Proposition 12.21 and an easy adaption of the proof of Proposition 2.5 in jH], 
we obtain the following result, which suggests that TL'q is a candidate for a 
space of conformal harmonics. Here we write -ff*, i = 1,2, for the first and 
second cohomology spaces in the deformation complex, and H]^ for the first 
cohomology of the detour complex Q. 

Proposition 2.4. On even- dimensional conformally flat manifolds of di- 
mension n > 6, there is an exact sequence: 

The maps are as follows: TCq —^ is simply $1-^ [<!>]; H\ Hq is the map 
on the quotient AA(B)/7?.(K) induced by the restriction of C to AA(B), the null 
space of B; — > is inclusion. There are further results concerning the 
relationship of to and TCq to H^, but this will be taken up elsewhere. 
(See also [11].) 

3. The ambient construction and tractor calculus 

In the subsequent sections we will explore the relationship between the 
Fefferman-Graham ambient metric construction |T0] and tractor calculus as 
derived in ^Hl and The notation and conventions for the ambient metric 
closely follow [H]. 

For vr : Q — > M a conformal structure of signature (p, q) , let us use p to 
denote the M+ action on Q given by p{s){x,gx) = {x^s^Qx)- An ambient 
manifold is a smooth (n + 2)-manifold M endowed with a free ]R+-action p 
and an M+-equivariant embedding i : Q — > M . We write X G jC(M) for the 
fundamental field generating the M+-action. That is, for / G C°°{M) and 
u £ M, we have Xf{u) = {d/dt)f{p{e^)u)\t=o- For an ambient manifold M, 
an ambient metric is a pseudo-Riemannian metric h of signature {p+1, q + 1) 
on M satisfying the conditions: (i) Cxh = 2h, where Cx denotes the 
Lie derivative by X; (ii) for u = {x,gx) € Q and ^, ?? G TuQ, we have 
h{i^^,i^r]) = gx{'^*i-,'^*fl)'i and (iii) Ric(/j.) = up to the addition of terms 
vanishing to order n/2 — 1 if n is even (or Ric(/i) = to all orders if n is 
odd); (iv) h{X,-) = ^dQ to all orders. 

If M is locally conformally flat, then there is a canonical solution to the 
ambient metric problem to all orders. This is simply to take a flat ambient 
metric. This is forced by (i-iii) in odd dimensions, but in even dimensions 
this extends the solution (cf. comments in (Hj). When discussing the confor- 
mally flat case, we assume this solution. 

We write V for the ambient Levi-Civita connection, and we use uppercase 
abstract indices A, B, etc., for tensors on M. The ambient Riemann tensor 
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will be denoted Rab D- Since Cxh = 2h, it follows that 
(4) VX = h, 



and 



(5) 



X^Rabcd = 0. 



Equalities without qualification, as here, indicate that the results hold to all 
orders or identically on the ambient manifold. 

3.1. Tractor bundles. Let £{w) denote the space of functions on M which 
are homogeneous of degree if G M with respect to the action p. More 
generally, a tensor field F on M is said to be homogeneous of degree w 
if p{s)*F = s^F (i.e. CxF = wF). Just as sections of £[w] are equivalent to 
functions in £{w)\q, the restriction of a homogeneous tensor field to Q has 
an interpretation on M. Denote by T the space of sections of TM which 
are homogeneous of degree —1 and write T(tt;) for sections in T" (g) £{w), 
where the ® here indicates a tensor product over £^(0). Prom ^SI we have 
the following results: We may identify the standard tractor bundle T with 
TM\q modulo a suitable M+-action so that sections of T are in one-one cor- 
respondence with sections in T . Thus we write T for the space of sections 
of the standard tractor bundle. The filtration of T, which we traditionally 
indicate by a composition series. 



reflects the vertical subbundle of TQ and TQ as a subbundle of TM\q. 
Then since the ambient metric h is homogeneous of degree 2, it descends to 
give a metric on T. This is the usual tractor metric. Sections of T may be 
characterised as those sections of TM which are covariantly parallel along 
the integral curves of X (which on Q are exactly the fibres of vr). The 
normal tractor connection agrees with the ambient connection as follows. 
For [/ € T, let U be the corresponding section of T|q. A tangent vector 
field ^ on M has a lift to a field ^ G '^'(1), on Q, which is everywhere tangent 
to Q. This is unique up to adding /X, where / G £{^)- We extend JJ and ^ 
smoothly and homogeneously to fields on M and form V^C/|q; this section is 

independent of the extensions and independent of the choice of ^ as a lift of 
^ and is exactly the section of T{Q)\q corresponding to V(U where V here 
indicates the tractor connection. 

When abstract indices are required, the section spaces of the tractor bun- 
dle and its dual can also be denoted and Ta- A choice of metric g from 
the conformal class determines (HI E] a canonical splitting of the composi- 
tion series ©. Via this the semi-direct sums Qt in that series get replaced 
by direct sums ©, and we introduce g'-dependent sections G T'^^[— 1] 
and G T"^[— 1] that describe this decomposition of T into the direct 
sum [T^]g = E[l] e Ea[l] © E[-l]. A section F G T then corresponds 
to a triple \y]g = {a, p, p) of sections from the direct sum according to 
V"^ = Y^a + Z^^pf) + X'^p, and in these terms the tractor metric is given 
by h{V, V) = g"'^PaPb + 2ap. Thus the tractor contractions of the projectors 



(6) 



T = E[l]^E'^[l]Q-E[-l] 
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are 

(7) X^Ya = 1, Z^^ZAa = t. 
and for the other pairings. 

If and Z^}) are the projectors for the metric g = e^'^g, then we have 

(8) Z^^ = Z^^ + T^X^, Y^ = Y^- TbZ^^ - \TbT^X^. 

Here T := du. In terms of this sphtting, determined by (7, the tractor 
connection is given by 

(9) VaXA = ZAa, V aZ Ab = - PabXA - YaQ ab , VaYA = PabZA^. 

We use the notation T* to denote an arbitrary ambient tensor bundle 
(with T'^ meaning the trivial bundle) and write T^{w), w G M., for the 
subspace of r(Tr*) consisting of sections S satisfying Vx^ = wS; we will 
say such sections are homogeneous of weight w. From the constructions 
above, it follows that the sections in T^{w)\q are equivalent to sections of a 
tractor bundle that we denote T*[2i;]. We write T*[u;] for the section space 
of the latter. 

A basic example of interest is the bundle of fe-form tractors T^, which is the 
k— exterior power of the bundle of standard tractors. It is straightforward 
to verify that this has a composition series which, in terms of section spaces, 
is given by 

(10) = A^T ^ £''-\k]Q-{£''[k] e £^-'^[k - 2]}Q-£''-\k - 2]. 

Also of direct relevance to our constructions below are the bundles which we 
denote T^''^[w]. For a given w €M, T^''^[w] is the subbundle ofT^ (^T'^ <g)E[w] 
consisting of tractors of weight w and Weyl tensor type symmetries (that is, 
Riemann tensor type symmetries and also trace-free). We write T^'^[w] for 
the section space of T^'^[i(;] and note that (with notation as in Section ISJ it 
has the composition series 

£^^^[w + 4] 



£'^'^[w + i] £^[w + 2] £^'^[w + 2] 

(11) £^'^[w + i\^ © ^ e ^ e ^£^'^[w]. 

£^[w + 2] £^''^[w + 2] £^[w] 

© 
£[w] 

A comment on punctuation is in order: here the columns represent composi- 
tion factors, decomposed into so((7)-irreducibles, and these are separated by 
6- 's which indicate the composition structure. This series may be obtained 
by any so(n -|- 2) to so(n) branching-rule algorithm or, alternatively, by sim- 
ply considering the possible contractions of the projectors X, Y, and Z into 
a typical element of T^'^[u;]. 

3.2. Operators and invariants via the ambient metric. An operator P 
acting between ambient tensor bundles is said to be homogeneous of weight 
li G M if [Vx, P] = uP. Operators homogeneous in this sense map homoge- 
neous tensors of weight w to homogeneous tensors of weight w + u. On the 
other hand, a differential operator P is said to act tangentially along Q, as an 
operator on some domain space, if we have PQ = QP' for some operator P' 
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(or equivalently [P, Q\ = QP" for some P"). Of particular interest are linear 
differential operators P which are both homogeneous and also, on some ho- 
mogeneous tensor space T^iw) as domain, act tangentially along Q. Each 
such operator P clearly determines a well-defined operator on T'^{w)\q, the 
restriction of the relevant homogeneous tensor space to Q, and hence deter- 
mines an operator on the equivalent weighted tractor bundle section space 
T*[tt;]. If the operator P is natural as an operator on the ambient manifold, 
then since the ambient construction is not dependent on a choice of metric 
from the conformal class, it follows that the induced operator on weighted 
tractor fields is conformally invariant. The remaining issue is whether this 
induced operator is natural for the underlying conformal structure. For the 
operators we are interested in here, we solve this by giving an algorithm for 
expressing the induced operator as a formula in terms of known natural op- 
erators. This solves two problems, since one of our aims is to obtain explicit 
formulae for the operators concerned. 

Before we construct examples of such operators, we require some further 
background. First note that from (@J, we have 

(12) [A,X] = 2V, where A := V^Va, 

and VaQ = 2X^1. Both identities hold to all orders. Thus VxQ = 2(5; 
Q is homogeneous of weight 2. A short computation shows that if U is an 
ambient tensor field, then 

(13) [A,Q];7 = 2(n + 2Vx + 2)C/. 

It follows that for any positive integer i, if an ambient tensor field U is 
O(Q^), then AU and VU are both 0(Q^-^). 

Now we define an operator that we denote D (or Da when indices are 
used). Let 

(14) DV ■.= V{n + 2Vx -2)V - XAV, 

for any ambient tensor field V. It is readily verified that D is homogeneous 
of weight —1. By ifT^ we also have the equivalent formula 

(15) DV = V{n + 2Vx)V - AXV. 
Using either of these with the computations above, we obtain 

DQV = QDV + 4QVV, 

and so D acts tangentially. For later use we note that for any integer £ > 2, 
if V is O(Q^), then DaV is 0{Q^-^). 

Since D acts tangentially on any ambient tensor bundle, it follows that 
for every tractor bundle T* and w G M we obtain an operator 

equivalent to D as an operator T'^{w)\q — > T ^T'^{w — 1)|q. It is straight- 
forward to prove (see ^1 |2I|) that D is the usual tractor-D operator of 
[SSI IS] ■ For a given choice of metric g from the conformal class and for any 
V G T* [w] , D is given explicitly by 

(16) D^V := {n + 2w- 2)wY^V + {n + 2w- 2)Z^"VaF - X^DV, 
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where OV := AV + wJV. We note that D is a natural differential operator. 
A differential operator taking values in a tractor bundle (or acting between 
tractor bundles) is said to be natural if the so(5)-irreducible components of 
the operator are natural. 

Note that acting on T^{l — n/2), D is simply — XA, and correspondingly 
D simplifies to — on T*[l — n/2]. Thus A acts tangentially on T*(l — 
n/2) and, as an operator on the restriction of this space to Q, is equivalent 
to the tractor-coupled conformal Laplacian 

(17) □:r*[l-n/2]^T*[-l-n/2]. 

Many identities involving D are obtained most easily by calculating with 
D on M . For example, a short calculation using ^ and lfT2|l shows that 

(18) DaX^V = {n + 2w + 2){n + w)V -Q^V 
for any V € 'T'^{w). Hence for any V € T*[it;], we have 

(19) DaX^V = {n + 2w + 2){n + w)V. 

An observation key to the next section is that the ambient curvature R 
is, at low orders at least, "harmonic" for a certain Laplacian. Before we 
construct this Laplacian we need some further notation. Let us write (j 
{hash) for the natural tensorial action of sections A of End(TM) on ambient 
tensors. For example, on an ambient covariant 2-tensor Tab^ we have 

A^Tab = -A^aTcb - A^bTac- 

If A is skew for h, then at each point, A is so(^)-valued. The hash ac- 
tion thus commutes with the raising and lowering of indices and preserves 
the SO(ft.)-decomposition of tensors. (For example, Afj maps trace-free sym- 
metric tensors to trace- free symmetric tensors). As a section of the tensor 
square of the /i-skew bundle endomorphisms of TM, the ambient curvature 
has a double hash action on ambient tensors; we write R^^T. As a point on 
punctuation, it should be noted that we will treat tensors in composite ex- 
pressions as multiplication operators. A composition of operators L, M, and 
N acting on S denoted LMNS means L{M{N{S))). For example, Vi^tttt^ 
has the same interpretation as ^{R^^T). 

From the Bianchi identities, we have that on any Riemannian or pseudo- 
Riemannian manifold, 

4VAiVBiRic^2B2 = 

'■^^^ ^RAiA2BiB2 + ^RURAiA2B-iB2 

-KiccAiR'^ A2B1B2 + R-iccBl-R*^B2AlA2• 
Rema^k: In (pn|l we adopt the convention that sequentially labelled in- 
dices in the subscript position (such as Ai and A2) are implicitly skew- 
symmetrised. This convention applies throughout this paper unless noted 
otherwise. |||| 

Let us define a Laplacian operator ^ by the formula 

A := A + ^Rn. 
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Then from and the conditions on Ric(^) for the ambient metric, we 
have 

(21) 4Vai VBiRicA2i?2 = ^Ra,a,b,b, + 0(Q"/'-^) 
in even dimensions. Therefore 

(22) /^Rbcde = 

modulo 0(Q"/2-3) in even dimensions and to infinite order in odd dimen- 
sions. 

Remarks: 1. The operator ^ is a type of form-Laplacian. On a Riemann- 
ian or pseudo-Riemannian manifold, suppose U is any tensor with Riemann 
tensor type symmetries. A short calculation shows that 

^u = -\ i^YdJ + dj5Y + 6^cq + cqs^) u, 

where is the Levi-Civita connection-coupled exterior derivative, its 
formal adjoint, and the index i is 1 or 2 according to whether we regard 
U as a 2-form (with values in a tensor bundle) on the first pair of in- 
dices or the last pair. (In terms of the Levi-Civita connection V, we have, 
for example, {dYU)AoAiA2BiB2 = A0UA1A2B1B2 and (5 J [7)^1^2-82 = 
-V^iC/_AiA2BiB2-) 

Returning to the ambient manifold, note that from these observations, the 
results concerning the degree to which the ambient curvature is ^-harmonic 
are manifest, since on the one hand and annihilate R by the Bianchi 
identity and on the other hand 6^ R and djR are 0(Q"/2-2) (or 0(Q°°) in 
odd dimensions) by dint of the contracted Bianchi identity and the condition 
(iii) on the ambient Ricci curvature. 

2. Note that from (|2?Hl . if Ric vanishes to all orders on the ambient manifold, 
then it is immediate that ^R vanishes to all orders. Conversely, if ^R 
vanishes to all orders, then so does 4Vai VB^RicB2A2 +^^ccAiR'~'' A2B1B2 ~~ 
RiC(7Bi-R'^B2AiA2- On the other hand, contracting the latter with X^^X^^ 
and using Q and ^ yields 2RicA2_B2- Thus on the ambient manifold, the 
vanishing of Ric to all orders is equivalent to the vanishing of ^R to all 
orders. |||| 

We may view the operator ^ as the special case a = 1/2 of the family of 
ambient Laplacians 

(23) A„ := A + aiZtJtJ, a G M, 

which also includes the ambient form Laplacian at a = 1 and the usual 
ambient Bochner Laplacian at a = 0. While the latter was used in the 
constructions of giving conformal operators between densities, the gen- 
eralisation to the ambient form Laplacian proved appropriate in for the 
study of conformal operators on (weighted) differential forms. It seems likely 
that others in the family will also have important roles, and so much of the 
discussion in the next section allows for the possibility of any a € M. Cer- 
tain key identities for A are unaffected by the addition of the R^^ term. In 
particular, since X^Rabcd = it follows that 



(24) 



[A„,X] = [A,X] = 2V. 
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Using this, or even more simply by noting that [R^^, Q] = 0, we obtain 

(25) [A„,g] = [A,Q] =2(n + 2Vx + 2). 

A point of departure is [Aa,V]. Observe that if Vbc -e is any ambient 
tensor, then by the Ricci flatness of the ambient metric, 

[A,Va]Vbc-e = 

(26) -2Ra''b'^VpVqc...e - 2Ra''c'^VpVbq...e 

-2Ra^e'^VpVbc-q- 

This equality holds modulo 0{Q^/'^~'^) in even dimensions and to infinite 
order in odd dimensions. 

Using the results above and the Bianchi identities, it is straightforward to 
verify that if we define the ambient homogeneous (of weight —2) tensor field 



(27) WA1A2B1B2 '■= ^ _ ^ D^° X A0RA1A2B1B2, 

then in dimensions other than 4, we have 

W\q = {n - 4)R\q. 

Note that W is well-defined in all dimensions and by construction is con- 
formally invariant. Thus the equivalent tractor field Wabce is conformally 
invariant and of weight —2. In dimensions other than 4, it is immediate that 
this has Weyl tensor type symmetries. (Recall that R\q is trace-free.) In 
fact, it has these symmetries in all dimensions and is a natural tractor field. 
In a choice of conformal scale, Wabce is given by 

, , {n — 4) {ZA°'ZB^Zc'^ZE'^Cabce — '^Z a"" Zb^ X^jZ e]^ A^ah 

(28) 

— IX^aZb] Zc^ZE^A}yc.e)+^XyAZB] X^c'^EfBeb, 
where Aabc is the Cotton tensor, 

(29) Aabc := 2V[fePe]a, 

and 

(30) Bab := V'Aacb + P'^'Cdacb. 

Note that from it follows that, in dimension 4, B^b is conformally in- 
variant. This is the Bach tensor: from the contracted Bianchi identity, we 
have 



(31) (n - 3)Aabc = V^C, 



dabc: 



and so in dimension 4 IpT]! agrees with (^. In other dimensions re > 3 we 
also refer to Bab, as defined in IpT]! . as the Bach tensor. The tractor field 
W first appeared in |22ii24J. The connection to the ambient curvature was 
derived in ^3]) where the above results are treated in detail. 
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4. CONFORMAL LAPLACIANS AND THE AMBIENT OBSTRUCTION 

In this section we show how one can obtain the ambient obstruction tensor 
by applying a conformally invariant operator p„/2-2 of th^ form A"'/^~^ + /ois 
to the natural tractor field W defined above. For any integer m > 1, we let 

m — 

1 /9 

where Dm is the case a = 1/2 of the operator of Theorem 14. If below. 
We prove Theorem 14.11 in Section 14.11 The inductive nature of the proof 
of Theorem 14.11 will show that one can construct explicit tractor formulae 
for the operators in terms of X, D, W, h, and h~^. One may thus use 
Theorem l4.2l together with a choice of conformal scale and the formula for W 
given in to construct a tractor formula for Oab- It is then easy to expand 
this tractor formula to a formula in terms of the Levi-Civita connection and 
its curvature. 

In what follows, the phrase "generic n-even case" refers to the case in which 
n is even and M is conformally curved. 

Theorem 4.1. For every integer m > 1 and for every a G M, there exists a 
conformally invariant operator : T*[m — n/2] — > T*[— m — n/2] having 
leading term A™' which is natural as follows: in odd dimensions and for 
conformally fiat M for all m > 1; in the generic n-even case for 1 < m < 
n/2 -2, or if a = for I < m < n/2 - 1, or ifT'^[m - n/2] = T[m - n/2] 
for 1 < m < n/2 — 1, or ifT^[m — n/2] = T^[m — n/2] for \ < m < n/2. 
In these cases there is a tractor formula for \J!^ which is given by a partial 
contraction polynomial in D, W, X , h, and h'^ , and this polynomial is 
linear in U . In the tractor formula for each free index appears either 

on U or on a W -tractor. 

We believe the operators will be important for many problems. For 
our current purposes, we are primarily interested in them when n is even, 
m = n/2 — 2, and the domain bundle is T^'^[— 2]. In particular, we have the 
following result, which is an immediate consequence of Theorem I4.4( below. 

Theorem 4.2. Let M he a conformal manifold of dimension n even. Then 

(32) ^n/2-2WAiA2B-iB2 = K{n)XAiZ a-^"" XBT^ZB2^0ab- 

Here K{n) is a known non-zero constant depending on n. The tensor Oab ^ 
^(afe)o[2 — n] is the Fejferman- Graham obstruction tensor. It is conformally 
invariant and natural. 

We have K{4) = —8. In dimensions n > 6, K{n) is given by (n — 4)A;(n), 
where k{n) is given in iHnll . below. Note that l/in/2-2W G T^'^p - n]. The 
theorem states that its components vanish in all factors of the composition se- 
ries ifTTjl for T^'^ [2— , except for the (injecting) factor Si^i [—2]=£^'^[2 — n], 
and the term here is, up to scale, the obstruction. 
From these theorems we have the following result. 

Theorem 4.3. The obstruction tensor Oab vanishes on conformally Einstein 
manifolds. 

Proof: A conformally Einstein manifold M admits a parallel standard trac- 
tor I (see (2EI) such that a := I^Xa / is an Einstein scale. It follows 



18 



A.R. COVER AND L.J. PETERSON 



immediately that I annihilates the tractor curvature i^bc e- VcI = =^ 
^bc^E^^ = [Vf,, Vc]I^ = 0. Also since I is parallel then, viewing it as a 
multiplication operator, it is clear that [D,I] = 0. From (P7|l (see also jTHj) 
we have Wa,a,^e = ^D^'^ Xa.Za,^ ZA.'^bc^ e- Thus WbcdeI^ = 0. 

By Theorem 14.11 there is a formula for ^n/2-2^AxA2B-iB2 which is poly- 
nomial in □, D, W , X, h, and h~^, and in this formula each of the indices 
Ai, A2, Bi, and B2 appears on a tractor. On the other hand, since I is 
parallel and of weight 0, it commutes with the operators in this expression 
for p„/2_2^AiA2BiB2- Thus 

(33) I^ip„/2„2VFAiA2B,B2 = 0, 

since I^Wabcd = 0. 

From [26J we have I"^ = ^D^a. Thus from the expression lfT?Hl for the 
tractor-D operator, we have the expression 

[l\ = aY^ - -JaX^ 

^ n 

for I"^ in terms of the (Einstein) metric g := a^'^g. (Recall that if V is 
the Levi-Civita connection determined hy g = <T~^gr, then tautologically 
V<T = 0.) In particular, in this scale, we have I'^Za'^ = 0. Thus from 
Theorem 14.21 above, 

A{K{n)r^Z'^\Z''hl^'l'''^n/2-2WAM^B2 = <r^Oab. 

But from (|33|l . the left-hand side vanishes, and hence Oab = on M. □ 

Obtaining the obstruction tensor via a conformally invariant operator on 
a tractor field, as in Theorem 14. 2( enables us to relate it to other conformally 
invariant operators associated with the deformation complex, by ideas along 
the lines of the curved translation principle of Eastwood et alia ^Hj- This is 
the idea behind Theorem 12. 31 which we are now ready to prove. Related gen- 
eralisations of the curved translation principle have been explored in depth 
in the setting of operators on differential forms 

Proof of Theorem 12. 3t We first construct B and prove {Hi). Let W"^'"^ 
denote the quotient of T^'^[— 2] by the subbundle which is the kernel of the 
bundle map ¥2-2 [_2] ^ given by 

UA2A3B2B3 XAiXbiUa2A3B2B3- 

We write VF2,2 for the subbundle of T2'2[2 — n] consisting of tractors which 
are annihilated by any contraction with X. We write W^'^ and W2,2 for 
the section spaces of, respectively, W'^''^ and W^2,2- Note that complete 
contractions between elements of T2'2[— 2] and sections of T2,2[2 — n] take 
values in E[—n]. Hence there is a conformally invariant pairing between 
T2'2[— 2] and T2'2[2 — n]. It is clear that the contractions between elements 
of T2'2[— 2] and sections of T2,2[2 — n] induce a well-defined bundle map 
(•,•) : PF2,2 W2,2 —>■ E[—n\^ and so there is also a conformally invariant 
pairing between W^'^ and W2,2- 

Given a section Uabcd £ '^^'^[~2], let us write [Uabcd] for its image 
in the quotient space W^'^. From the tractor composition series (see 
also (fTn)l and the discussion there), it follows easily that the space W^'^ 
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has a composition series f ^'-"^[2] 6-<?^'^[2] 6-<?^'^[2] and that the injection I : 
^2,2^2] ^ >V2'2 is given by 

^abcd 

The differential operator D : W^'^ T'^''^[-2] given by 

[UA2A3B2B3] ^ f ^_ Y2,2D^^D^^XaiXb,Ua2AsB2B3 
Til I TX ^ j 

is clearly well-defined and conformally invariant. Here ¥2,2 is the bundle map 
which executes the projection of T^[— 1] (g) T^[— 1] onto the direct summand 
1-2,2 [_2]. £qj. ^j^g formal adjoint of D. This is a conformally 

invariant operator 

D* :T2'2[2-n] ^^2,2- 
On the other hand, from Theorem 14. ll there is a conformally invariant Lapla- 
cian type operator p„/2-2 '■ T^'^i— 2] T^'^[2 — n]. Thus we have the 
composition 

ID)*p„/2_2lD) : W2'2 ^ >V2,2. 

The operator B in the theorem is (up to a constant multiple) simply the 
composition 

OTn/2-2BI =: B) : £^'^[2] ^ ^2,2- 
By construction this is natural and conformally invariant. 

Now in a conformal scale, {B)I{u))bcef is given explicitly by the expres- 
sion 

_ 4) ((n - 3)ZB^Zc''ZE'ZFfubcef 

(34) -2ZB''Zc'X[EZp]fV'u,f,, - 2X[BZcfZE'ZFfV''Uh,ef) 

+4X[BZc]'^[S^F/(V(^V^)tXfe,e/ + (n - 3)P''^Ubcef )- 

Thus from l(28|l and a minor calculation, 

(35) D(I(C))^^^^ = (n - 3)Wabcd, 

where C is the Weyl curvature. 

From Theorem 14.21 and we have 

(P„/2_2raC)A2A3B2B3 = {n - 3)K{n)XA2ZA,''XB2ZB,''Oab. 

That is, 53„/2-2MC takes values in the factor <Si^i[— 2] in the composition se- 
ries for T^'^ [2— n] . (Note that this factor is a conformally invariant subspace.) 
Now the formal adjoint of the tractor-D operator is again the tractor-D op- 
erator [Hj. So 

WXA2ZA-i"'XB2ZB:i^C>ab = 

n{n-2) -^^^ -^^^ Dai Xa2 Zas "'Xb2 Zs^^Oab ■ 

But a short calculation using (jHl and (fTK|) shows that this operation just 
returns 4(n — 4)(n — 3)XA2ZA-f'XB2ZB-J'Oah, and this proves part (m) of 
the theorem. All non- vanishing multiples can be absorbed into the definition 
of B. 

We treat now part («). We need to show that I*B has order n — 4 and is 
non-trivial. Since by construction there is a universal natural expression for 
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the operator L, it is sufficient to establish this on the standard conformal 
sphere. Recall that ^nl2-2 has leading term A"/^~^. Thus 53„/2-2 is elliptic 
(since the sphere has Riemannian signature). From it is clear that 
DI : £^^'^[2] T^'^[— 2] is a differential splitting operator; there is a bundle 
homomorphism J : T2'2[-2] £;2'2[2] such that JDI is the identity on f^.a^]. 
Thus on any manifold, Tl{p\ : £^'"^[2] ^ T'^'^[-2]) is infinite-dimensional, 
and it follows immediately that p„/2-2lI^I is non-trivial on the standard 
conformal sphere. Now acting on <?2'2[2], 1^^/2-2^^ takes values in T^'^p— n]. 
The composition series for T'^''^[2 — n] is given by ifTTIl with w = 2 — n. 
From this we see, for example, that there is a canonical projection T'^''^[2 — 
n] S^'^[6 — n] = <?i_i[2]. One can compose the operator 1^^/2-2^^ '■ 
£'2'2[2] T^'^p — n] with this canonical projection. By construction, this is 
a conformally invariant operator £'^''^[2] £"1^1 [2]. On the other hand, from 
the the classification of operators on conformally fiat structures, as discussed 
in SectionlSl the only conformally invariant operators on £'^''^[2] taking values 
in irreducible bundles are as follows: there is an operator £'^'^[2] £^''^[2] 
and an operator £'^''^[2] —>■ £"2,2 [—2]. From elementary weight considerations, 
we know the latter has order n — 4. Thus the composition described must 
be trivial. Continuing in this fashion and also using (jHJ, one concludes that 
^n/2-2^^ takes values in the subspace W2,2 = ^'2,2[— 2] 6-<?2,i[— 2] 6- £^1,1 [—2], 
and the composition of 53^/2-2^ with projection to <?2,2[— 2] is necessarily 
non-trivial. This composition is thus the unique (up to scale) conformally 
invariant operator between these bundles (on the conformal sphere). We 
are now done as follows. On the one hand, I*D* is the formal adjoint of a 
splitting operator for f ^'^[2] and therefore acts as a multiple of the identity 
on the component £^2,2 [—2]. On the other hand, I*D* must annihilate the 
components £^2,1 [—2] and £'1^1 [—2], since these have higher total order than 
the target bundle for the composition (viz. <?2,2[— 2]) and a natural differential 
operator cannot lower order. 

Finally, we consider (ii). Let us first consider the case of a fiat Riemannian 
or pseudo-Riemannian structure. So all curvature will vanish, until we note 
otherwise. Let F^^aa denote a 2-form. Then A'^/^-^D^ox^^Za-,"^ ZA2''^Fa^a2 
is well understood as a special case of the results in jH]. (See Proposition 4.6.) 
The non-zero components of this have values in a subbundle of T'^[2 — n] 
with composition series £"2 © £"1. These components are (up to an overall 
non-zero constant multiple) 

(5d)"/2-2F \ 
a5(d5)"/2-2i7 j ' 

where d is the exterior derivative, 6 its formal adjoint, and a is a non-zero 
constant. Composing these components on the left with {6d , ^d) yields 
{6d + d5)"/2-ii? = (_i)n/2-iA"/2-ii7. Now on fiat structures we have the 
identity 
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where u € iS^'^[2] and Uaj^a2BiB2 is the conformally invariant form-tractor 
given in scale by letting w equal 2 in the formula 

(36) C/aiaaBiBa = {n + W - 5)Zb^^^ ZB^'^^Ua-^aibibi +'^XB^ZB2^^V^^Ua^a2b2bl■ 
T]mS by viewing f/ as a 2-form with values in a tractor bundle and replacing 
V, d, and 6 with their tractor connection coupled variants in the argument 
above, we conclude that there is an operator A such that 

n — 2 

We continue with similar considerations, except that now we view n"^ 026162 
as a 2-form on the 6162 index pair that takes values in End(rM). If F now 
indicates a 2-form of weight w' , then we have 

^(^) ■ = n + 2w'- 2 ^^°-^A,^Ai"^^A2"^i^aia2 

= {n + w'- A)ZA,'''ZA2'"'Fa,a2 + 2XA,ZA2^'V^'Fa2a,. 

So if, in particular, w' = 1, then the formula on the right-hand side agrees 
with (with w = 2). In formally calculating A"/^~^C/'*i 02-81-82 using the 
identities ^ and the Leibniz rule to obtain a formula polynomial in u, V, 
the metric g, its inverse, and the projectors X, Y, and Z, we may ignore 
the ai and 02. Their contribution is buried in the meaning of the Levi- 
Civita connection V. Now for a 2-form F of weight 1, we have that on flat 
structures, A"/^~^]K(F) takes values in <?2[— 1] ^"^li— 1] and has the form jH] 

((3 - n)(M)"/2^i + (d5)"/2-i)F j 

there, up to an overall non-zero multiple. Here * indicates some term, the 
details of which will not concern us. We note that the top expression gives 
an elliptic operator on F; we may act on this with the operator 6d+{3 — n)d5 
to yield (3 - n)(-l)"/2A"/2F. Thus there is a linear differential operator A2 
such that 

A2A"/2-i;7 = A"/\. 

Combining these observations, we see that there is a linear differential 
operator A3 such that 

Finally, we note that one can easily verify directly that B* is differentially 
invertible as a graded differential operator on the subspace W2,2- (That 
is, its inverse is also a graded differential operator. The point is that in 
terms of a splitting of >V2,2 determined by a choice of conformal scale, 
a straightforward calculation shows that IB* takes the form (u, v, w) t-^ 
{ku,£v + 5-u,mw + 6-v + 6-5-u), where k, £, and m are non-zero integers, 
6- indicates a divergence operator, and 6-6- a double divergence operator.) 
Thus with B defined to be the necessary multiple of A3(]I])*)~^, we have the 
result (ii) for flat structures. But now the result follows in general, since 
moving to curved structures yields the same formal calculation, except that 
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at each stage the differential operators concerned may have additional lower 
order terms involving curvature. It is easily checked that these terms can 
only yield terms of order lower than n in the final calculation of BB. □ 

Proof of Proposition 12.21 We treat L first. We already have L = Bi*Bi in 
dimension 6, and so we shall assume that n > 8. Let us denote by 

the conformally invariant operator given by (|36p . We write for the tractor 
connection coupled exterior derivative and 6^ for its formal adjoint. Thus 
for example for U G (g) we have (d"^C/)aoaia2SiS2 = ^'^ aoUa^a2BiB2- It 
is straightforward using (jnj to verify that on conformally flat structures, the 
composition d^U can be re-expressed in the form MBi, where M : £"^'2 [2] — > 

T is a conformally invariant first-order differential splitting operator. 

There are conformally invariant formally self-adjoint operators : £^ ^ 
£^fc, < /c < n, with leading term {5d)^ . These are the "long operators" for 
the de Rham complex given in j^. It is shown there that there are natural 
linear differential operators Qk+i such that Lk = 5Qk+id. 

Now suppose we are on a contractible (conformally flat) manifold. This 
suffices for our present purposes. Then the tractor bundle is flat and triv- 
ial. It follows that there are conformally invariant and formally self-adjoint 
tractor-coupled variants of the L^, 

These are obtained by formally replacing, in the natural formulae for Lj. = 
6Qk-\-id, each instance of d, 5, and the Levi-Civita connection with, respec- 
tively, d^, 5^ , and the Levi-Civita tractor-coupled connection. By construc- 
tion the result has a factorisation = 5^ Q^^^d^ for some differential 
operator Q^^+i- 

Observe that by composition, we have a formally self-adjoint conformally 
invariant operator U*L^U : £'^''^[2] f2,2[-2], where U* is the formal ad- 
joint of U. We will re-express this. By taking formal adjoints, we have 
= Bi*M* from d^U = MBi. Thus we obtain an operator 

Bi*M*Q^MBi : £'^''^[2] £2,2[-'A. 

The result follows from the uniqueness of L, provided the displayed operator 
is non-trivial. It is clearly sufficient to establish this for Riemannian signa- 
ture structures and at a flat metric within the conformal class. We use the 
alternative expression WS^Qjd'^V = Bi*M*Q^MBi. On flat structures, 
Qz = ((i5)"/2~^, and so Qj = (d^^^)"/^"^. Since the tractor connection is 
flat, it follows that for u G £'^''^[2] of compact support, 5^ {d"^ 5'^Y'^-^d'^\]{u) 
vanishes if and only if d^I[J(ti) vanishes. (Suppose (i^U(u) ^ 0. Then 
there exists a parallel T ^ T"^ such that T^^^'^{dy\]{u))aQaxa2BxB2 0) 
i.e., df / 0, where faia2 '■= T^^^^\]{u)aia2BiB2- But, on the other hand, 

if = T^^''H^^{d^^^r^^'^d^'^{u))aoara2BrB2, then {dd}-/^-^ f = => 

df = 0.) This is equivalent to MBi(?/) vanishing. Since M is a differen- 
tial splitting operator, this in turn is equivalent to B\{u) = 0. Thus the 
composition 6'^Q'^d'^^ : £'^''^[2] £2®^"^ is non-trivial. Now it is easily 
verified that £2,2[—'^] turns up with multiplicity 1 in the composition series 
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for £2®T'^ ■ It follows, by an exact analogue of the argument used on pageOHl 
that 5^ Q^dyV takes values in, and only in, <?2,2[— 2] and composition factors 
of higher total order. Thus on the range of this operator, U* acts as a non- 
zero multiple of the projection to the component £"2,2 [—2]. (Recall that U* is 
the formal adjoint of a differential splitting operator U : f ^'^[2] — j- ® T^, 
and so it must act as a non-zero multiple of the identity on the component 
^2,2[— 2]. On the other hand, it is differential, so it cannot lower total order.) 

Now we consider the situation for B. We require a conformally invariant 
differential splitting operator F : £"^'^[2] £^ ® T"^ that will play a role, 
in this case, analogous to the role of U above. This is easily constructed 
explicitly and directly (and can be obtained from a composition of the related 
operators in Section 5.1 of j^), and so we omit the details. Since F has 
values in a weight zero adjoint tractor-valued bundle of 1-forms it is clear 
that the composition d^F is conformally invariant. This is easily verified 
non-trivial. On the other hand, in terms of a metric g, the tractor curvature 
is given by 

2 

a2b2bi ' 

71/ o 

Thus the linearisation, at a conformally flat metric go, of the tractor curva- 
ture is ^^UC. This is manifestly non-trivial, and so, via arguments as used 
several times already concerning the uniqueness of irreducible conformally 
invariant operators, it is straightforward to verify that this operator must 
agree with d^F (on conformally flat structures), at least up to scale. We set 
the scale of F so that d^T = ^VC. On flat manifolds, Q2 = {(16^/^-^, 
and so by almost the same argument as for L, we conclude that on confor- 
mally flat manifolds, the formally self-adjoint conformally invariant operator 
C*U*Q^UC is non-trivial. □ 

The next theorem shows that for n even, if the ambient curvature is for- 
mally Ricci flat to 0((5"^^~^), then a tensor part of the coefficient of Q"/^~^ 
is a natural conformal invariant of the underlying manifold and so is an ob- 
struction to finding an ambient metric which is Ricci flat to higher order. For 
our purposes, the main point is that this is achieved by (|37|l . which recovers 
this obstruction via a tangential operator acting on the ambient curvature. 

Theorem 4.4. For a conformal manifold M of even dimension n, let h be 
an associated ambient metric satisfying Ric(/i) = Q"'/'^~^B. Then we have 
(?) B\q is equivalent to a tractor Bab G £(AB)o[~''^] such that X^Bab = 0. 
(a) The weighted tensor Z^aZ^hBAB ='■ Oah is a section o/f^(af,)y[2 — n]. 
{Hi) For n > 6, we have 

(37) ^""^^"^Ra.a^b.b^ = k{n)XA,XB,BA2B2 + 0{Q), 

where k{n) is the dimension dependent non-zero constant given above. 
In dimension 4, 

1A2B1B2 = 16X^2X^1-6^1^2 +0{Q). 
(iv) The tensor Oab is divergence- free. 

{v) The weighted tensor Oab is a non-trivial natural conformal invariant of 
the form /V'^-^VV^Ccadb + lots = {n - 3)A"/2-2(AP„fc - V^VfeJ) + lots 
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(up to a constant multiple), and so is an obstruction to finding an ambient 
metric which is Ricci flat modulo 0((5"/^). 

Remarks: 1. The statement of the theorem up to the definition of Oah in 
(m) is a characterisation of the Fefferman- Graham obstruction tensor |28] . 
See also ^j. (This gives a complete obstruction to the ambient metric in the 
sense that if this vanishes, then the ambient construction may be continued 
to all orders pH]-) Hence Oab is the usual obstruction tensor, as claimed in 
Theorem 14.21 Thus part (in), above, gives a new ambient formula for the 
Fefferman-Graham obstruction tensor. 

2. Prom it follows easily that Oab may be equally viewed as an obstruc- 
tion to obtaining an ambient metric which is harmonic for ^ in the sense 
that vanishes to all orders. See also the remark on pagefTKl 

3. It should be pointed out that 

(38) ^""'^-^^.Ra.a^b.b, = k{n)XA,XB,BA,B2 + 0{Q) 

is an alternative ambient formula for the obstruction, and we could replace 
the A"/2-3 by A^^^"^ in this formula. |||| 

Proof of Theorems 14.21 and 14.41 As above, we write Ric for Ric(/i). 
It is immediate that B is symmetric and homogeneous of weight —n. Also 
from (O it follows that X^Bab =0. So S|g is equivalent to a tractor 
field Bab £ ^a_b)[~'^] satisfying X^Bab = 0. From this last equality and 
IHl), it is clear that Oab is conformally invariant, while from the weight and 
symmetry of Bab, it follows that Oab G £{ab)['^ ~ it]- For parts (i) and (ii), 
it remains to show that both Bab and Oab are trace-free. 

First we consider the case n 7^ 4. Note that since ^aQ = 2X/i, we have 

(39) VA.-VB.mcA.B, = {n-2){n-4)Q^/^-^XA,XB,BA,B,+0{Q''/^-^). 
From (PT|l and together with a short computation, it follows that 

4"^^"^-RaiA2BiB2 = k{n)XAiXBiBA2B2 +0{Q), 
as claimed in (rii), where 

(40) k{n) = (n - 2)(n - 4)(-l)"/2-32"-4 (^(n/2 - 3)!)^ 

(Note that (EU) and ^ also give the alternative formula in Remark 3, 
above.) 

Since {n—4)R\Q is equivalent to the tractor field W, it follows from Propo- 
sition lTSl below, that (n — 4)^"^^~^/?|q descends to the natural tractor field 
^n/2-2W. On the other hand, using 6b^ = X^Yb + Y^Xb + Z^a^B^f^b" 
and the fact that X^Bab = 0, we see that 

(41) XaiXbiBa2B2 = XAlZA2°'XBlZB2''Oab■ 
lt therefore follows that X a^X BiBa2B2\q is equivalent to the tractor field 
XA^ZA2"-XBiZB2''Oab. This estabhshes ^ of Theorem lO 

Since left-hand side of is natural, it follows that XaiXbj^Ba2B2 is 
natural. Hence 

Oab = Z^\Z''\Ba2B2 = AY^'Y''^Z^\Z''\Xa,Xb,Ba2B2 
is likewise natural, as claimed in {v) and Theorem 14.21 
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Next we show that Bab and Oab are trace-free. According to Theorem 14. 1| 
the operators preserve tensor type. Since WA1A2B1B2 is trace-free, it 
follows that 53n/2-2W^AiA2-BiB2 Completely trace-free. Thus from and 
gU it follows that h^^^^^XA^XB.BB^Ai = 0. Since Bcd is symmetric and 
X^Bab = 0, it follows that h"^^ Bab = as claimed. Now using JH) and 
once again the fact that X^Bab = 0, we see that that g"'^Oab = 0. 

We must obtain the corresponding results in dimension 4. First observe 
that in any dimension, 

SD^'^ X A0RA1A2B1B2 = 

(n - 2)[(n - 4)i^AlA2BlB2 + 2X a,V^ Ra^cb^b^] + 0{Q), 
by (|TK|l and lfTH|l . From the contracted Bianchi identity, we have, for n = 4, 

SD^*^ X A0RA1A2B1B2 = 

8X^, VB,RicAiB2 + 0{Q) = 16Xa2Xb,Ba,B2 + 0{Q). 
Relating W to the left-hand side via l(27|) . we conclude that in dimension 4, 

WA1A2B1B2 = —8XaiXbiBa2B2: 

and comparing this with the formula for W above, we have 

— 2XaiXbiBa2B2 = XAiZA2"'XBiZB2'^Bab- 

Thus Oab is a scalar multiple of the Bach tensor, Oab = —■^Bab, which is 
natural and trace-free, by (^. We note also that since W is trace- free and 
X^Bab = 0, it follows that Bab is trace-free. 

It is well known (and easily verified) that the Bach tensor in dimension 
4 is divergence-free. For (iv) we need the analogous result in other dimen- 
sions. First note that a short calculation, which uses the formula lfT6]l for 
the tractor-D operator and the identities © for the connection, shows that 

2D^'XA,ZA2''XB,ZB2'Oab = {n- A)XA2XB,ZB2'V^Oab. 

So, in dimensions other than 4, it follows that D"^^ XaiXbiBa2B2, and equiv- 
alently {D^^ X a^X b^Ba2B2)\q, vanish if and only if VOab = 0. We cal- 
culate D"^^ X AiX BiB A2B2 on the ambient manifold. By (|38)l. this is 

D^'A^/^-^^Ra,A2B,B2 + 0{Q), 

up to a non-zero multiple, since D acts tangentially. We ignore terms 0{Q) 
for much of the remainder of this calculation. The above display expands to 

(4 - n)V'''A^/^-'4JlA,A2B,B2 - AX^^A"/^-^4.Ra,A2B,B2- 
From © and (|2^ we obtain 

{4-n)[V^\A]A-/'-%RA,A2B,B2 
+ (6 - n)A[V^S A]A«/2-5^i?^^^,BiB2 

(42) 

+ . . . _ 4A"/2-4[V^\ A]^i?^,A2BiB2 

-2A^/^-^[V^\A]Ra,A2B,B2 + ^'V^'{RmA,A2B,B2)), 
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after some re-organisation. It remains only to observe that all the terms in 
this sum are 0{Q). First we note that from PT]! and ifM]) . it is clear that 

^RaiA2BiB2 = KQ'^^'^~^ X A2B2 + 0(Q"''^~^), 

for some constant K. Thus by each term 

A''[V^\A]A%Ra,A2B,B2, k + i = n/2-A, 
is some number times 

(43) A''[V''\A]Q^/^-^-'Xa,Xb,Ba2B2 + 0{Q), 

since [V^^, A] is a first-order operator. Now consider the identity obtained 
from by including the ^(Q"/^"^) terms omitted from the display in 
(jSni- From this identity, from (O, and from the fact that VQ = 2X, it 
follows that [[V"^^ , A], Q] = identically on the ambient manifold. Thus 
lEHll is 0{Q). 

Now consider the last term in By direct calculation, we have 
[V^\A]Ra,a2B,B2 = -lv^HRmA,A2B,B2) + 0(Q''/'~'), 

and so 

A^/'~'{[V^\A]Ra,A2B,B2 + lv^HRnRMA2B,B2)) = 0{Q) 
as required. 

Finally, we must show that in general Oab is non-trivial. Up to scale, Oab 
is given by 

AY^-Y^-Z^^Z^\\l}r,,2^^WA,A2B,B2- 

From dSHl and {HUl, it is clear that AY'^^Y^^ Z^"^ Z^^bWA^A2BiB2 is, at lead- 
ing order, a non-zero multiple oiV^V^Ccadh- Using the fact that Pn/2-2 has 
leading term A"/^"^, and then ^ to verify that the commutator of A"/^"^ 
with AY'^^Y^^ Za'^ Z^'^b generates only lower order terms, we conclude that 

Oab = ^(n)A"/2-2 V'^V^C.^rfb + lots, 

where l{n) is a non-zero constant. Given the form of the leading term, an 
elementary exercise shows that this natural tensor cannot vanish in general. 
□ 

4.1. Conformal Laplacian operators on tractor fields. It remains to 
prove Theorem 14.11 Our strategy is to first define the operators D^, which 
we do via powers of the ambient Laplacian Aq, in Proposition 14. 8| and then 
rewrite each such power as a combination of compositions of low order tan- 
gential operators, each of which has an immediate interpretation as an op- 
erator on a tractor bundle. This leads to a simple algorithm for rewriting 
any operator of this form in terms of basic tractor operators using only 
the existence of an ambient metric. Two of the key tools are Theorem 14. 7( 
which explains how ambient derivatives of the ambient curvature can be re- 
expressed in terms of low order tangential operators, and Proposition 14. 
which describes harmonic extensions of tensor fields along Q. 

Almost all of the subsequent discussion concerns the ambient manifold M 
with metric as discussed in Section |S1 Occasionally we pause to interpret 
results on the underlying conformal manifold M. 
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In the generic n-even case, some identities, such as and (jSEJ, hold to 
only finite order in Q. In many proofs, we will apply the operators V and 
A to both sides of an identity, and this will reduce the order to which the 
identity holds. Thus we must keep track of the number of times that we 
apply V and A. In odd dimensions and in the conformally flat case, this 
is unnecessary, since the identities hold to all orders. For simplicity, many 
of the proofs that follow explicitly treat only the generic n-even case, since 
the proofs in the other cases are essentially the same, except for the fact 
that they do not require the operator counts. In addition, we have stated 
some of the results themselves in the generic n-even case only. All results 
hold as stated. Propositions 14.51 and 14.61 Theorem 14. 7( and Lemma 14. Ill also 
hold in general; they hold to all orders in both the odd-dimensional case and 
the conformally flat case, and in these cases the upper bounds stated in the 
hypotheses of the results no longer apply. 

We will often use abbreviated notations. We may abbreviate l(26|l by 
writing [A, V]F = ^R^V. It is easily verified that l(26|l generalises to 

(44) [A„,V]y = E-RVy + a^(Vi?)F, 

which also holds modulo 0((5"^^~^) in even dimensions and to infinite order 
in odd dimensions. For example, let V be any symmetric ambient 2-tensor. 
In this case stands for 

[A„, Va]Vbc = 

2(a - 1)Ra'' b'^V pVqc + 2{a - 1)Ra^ c'^V pVbq 
-2a{VARB''c^)VpQ, 

which holds to the appropriate order. If the V on the left-hand side of 
has any free indices, then in every term of the right-hand side of l@U, each 
such index either remains attached to V in its original position or moves 
onto an R. Some of the proofs in Section 0] will use this fact, which follows 
immediately from and the definition of i?tttt- The expressions we treat 
will often involve iterations of operators. To indicate how many operators 
we are composing in such an iteration, we will use exponents. For example, 
we might indicate ^ bRcdef by writing V^/?. We will often use the 
symbol V to denote a partial contraction polynomial. The same symbol V 
may denote different polynomials in different parts of a given discussion. 

We often use the identities lfT3|l and VQ = 2X without explicit mention. 

The proof of Theorem l4.1l begins with the development of a useful ambient 
calculus. This involves a sequence of results. 

Proposition 4.5. Suppose that n is even and M is generic. Let an integer 
£ be given, and suppose that < £ < ^ — A. Then on the ambient manifold, 

(45) AV^R = ^(VPi?)(V«i?) + 0(Q"/2-3-^)^ 

where p + q = £. If the R on the left-hand side of has any free indices, 
then for every term in the summation, these indices appear on an R (as 
opposed to a V/ 
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Proof: We use induction. The case £ = follows from Suppose 
next that < m < ^ — 5 and that the result holds for £ = m. From this 
assumption and we have 

AV^+^i? = VA V™i^ + Yl -R(V™+ii?) + 0(Q"/2-2) ^ 

V (E(VPi?)( v''l^) + ©(Q^/^-s-'")) + ^ i^(v"+li^) + = 

^(V^i?)(V*i?) + 0(Q"/2-3-('™+i)). 

Here p + q = m and s + 1 = m + 1. The use of the inductive assumption and 
never moves a free index from an R onto a V. □ 

Proposition 4.6. Suppose that n is even and M is generic. Let an integer 
i be given, and suppose that < £ < ^ — 3. Then 

(46) A^R = Y^i^^'R) ■ ■ ■ (V^^i?) + 0(Q"/2-2-^). 

In \46y , the number of factors in a term may vary from term to term, but in 
any case, Vi < £ for 1 < i < j. If A, B, C , and D denote the indices of the 
R on the left-hand side of \4(^ , then for each term in the sum, these indices 
are on an R. 

Proof: We again use induction. Suppose that < m < ^ — 4 and that the 
result holds for £ = m. Then 

(47) A'"+ifi = A (^(V^^i?) • • • (V^^i?) + (9((5"/2-2-m)^ _ 

By expanding the right-hand side of (|i7|l using the Leibniz rule and the 
formula A = V^Va, we obtain an expression of the form 

^{V^R) ■ ■ ■ (V"'=i?) + 0(Q"/2-2-(m+l)) 

plus a sum of the form 

^(Av*"i?)(v*ii?) • • • (v*=i^). 

In each case, we have Ui <m + l and ti < m. But by Proposition 14.51 

AV*"i? = J]](V^'i?)(V«i?) + 0(Q"/2-3-to)^ 
where p + q = to < m. Thus 

Av*°i? = ^(VPi^)(v5i^) + o(Q"/2-2-{m+i))^ 

The use of the inductive assumption and Proposition 14.51 never moves an 
index from an R onto a V. □ 

Theorem 4.7. Suppose that n is even and M is generic. Let h be an ambient 
metric for a conformal manifold of dimension n. Let t > and u > be 
given, and suppose that t + u < ^ — 3. Then there is a partial contraction 
V, polynomial in Da, Rabcd, ^A, ^ab, CLnd its inverse h^^ , such that 

(48) V*A"i? = V+ 0(Q"/2-2-t-n)_ 

Each term ofV is of degree at least 1 in Rabcd- If, in \4^ , R has any free 
indices, then in V these indices always appear on an R. 
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Proof: By Proposition I4.6| we may write 

(49) V*A"i? = ^{V'R) • • • (V^^i?) + 0(Q"/2-2-«-t)^ 

where Vi < t + u for each i. If the R on the left-hand side of has any 
free indices, then for each term in the sum, these indices always appear on 
an R; this follows from Proposition 14.61 To complete the proof, we show 
that if < ^ < § - 3, then V^R = V + 0(Q"/2-2-£)_ induction. 
Suppose that 1 < m < f - 3, and suppose that V^i? = V + 0(g"/2-2-£) 
whenever < ^ < m — 1. By H14p we have 

(50) DaV'^-^R = {n-2m- A)Va^'^~^R - X^A V'"-^i^. 

Note that n — 2m — 4 > 0. Also observe that each R in (|5?Hl has the same 
indices. From (|5?Hl and Proposition 14. 5( we conclude that 

V™i? = DaV^'^R +Xa(^ ^(Vf i?)( V^i?) + 0(Q"/2-3-(m-l))^ ^ 

where p + q < m — 1. Also note that if the R on the left-hand side of this 
equation has any free indices, then in each term of the right-hand side, these 
indices always appear on an R. From our inductive assumption we now see 
that V^R = V+ 0(Q"/2-2-m)_ □ 

Remark: Theorem 14.71 shows that when n 7^ 4, an ambient partial contrac- 
tion V*A"i?|Q is equivalent to a conformal invariant which is obtained by 
taking a partial contraction polynomial in D, W, X, h, and its inverse h~^. 
Moreover in each case, via the inductive steps of the proof, one obtains the 
explicit formula for the invariant as a partial contraction of these quantities. 
More generally, this shows that any "Weyl invariant" (c.f. 01 E]) arising 
from a complete (partial) contraction of ambient tensors of the form is 
contained in the space of invariants generated by complete (partial) contrac- 
tions of the expressions polynomial in the tractor operators and fields D, W, 
X, /i, and . Furthermore, there is an explicit algorithm for finding the 
tractor formula, given the formula for the ambient invariant. This is a slight 
generalisation of a result along these lines obtained in pH]- || 

The next proposition is a simple generalisation of results in |9l IROj. 

Proposition 4.8. For every integer m > 1 and every ambient homogeneous 
tensor space T*(m — n/2), 

A™ : r*(m - n/2) ^ r*(-m - n/2) 

is tangential and so determines a conformally invariant operator 

: T*[m - n/2] ^ T*[-m - n/2]. 

Proof: By construction, the operators Aq, preserve tensor type (tensor type 
with respect to pointwise SO(/i) tensor decompositions) and lower homo- 
geneity weight by 2. Hence A™ maps T*(m — n/2) to 'T^{—m — n/2). 

To show that A^ acts tangentially, we calculate A™Q^ for A of homo- 
geneity m — 2 — n/2. Without any homogeneity assumption, we have 

m— 1 

(51) [A™,Q] = J^A--'-P[A„,Q]A^ 

p=0 
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If we let (|KT1l act on T^{w), then by the term on the right acts as 
2[2(i(;-2p) + n + 2]A™-^ Hence [A^,Q] acts as 2m(2i(;-2m + n + 4)A^-^ 
This vanishes identically if w = m — 2 — n/2. Thus A.^ is tangential on 
T^{m — n/2) as desired. □ 

The remainder of this section is concerned with obtaining tractor formulae 
for the operators in the previous theorem. A key idea is to assume that the 
ambient tensor field being acted on is suitably "harmonic" as in the following 
lemma. Since tangential operators do not depend on how the field is extended 
off Q, this involves no loss of generality. 

Lemma 4.9. Suppose k > 2 is an integer. In the generic n-even case, 
suppose k < ^ — 1 or that a = and A; < §. Let S € T*(/c — ^) be given, 
and suppose is 0{Q^-^). Finally, let v, < v < k - I, be given. Then 

there is a linear differential operator V of order at most 2v given by a partial 
contraction formula polynomial in Xa, Da, Rabcd, ^ab, cbnd h^^ , .such 
that 

(52) VS = VS+ 0{Q''~''). 

If, on the left-hand side of \5^) . S has any free indices, then in every term 
ofVS, each of them appears either on S in its natural position or on R. 

Proof: We will assume that n is even and M is generic. For v = 1, observe 
that by (HDl and ^ we have have 2(A;-1)VS' = DS - aXR^S + XA^S . 
This is in the required form, since A^S" = 0{Q^~^). 

We now proceed by induction on v. Suppose that 1 < m < k — 1 and that 
ins holds for 1 < i; < m. By HU it follows that 

(53) 2{k-m- 1) V™+i5 = DV^S - aXRU'^'^S + XA„V™5. 

If, on the left-hand side of 5 has any free indices, then in every term of 
the right-hand side of JESI), each of these indices appears on an 5 in its natural 
position or on an R. From the inductive assumption and the properties of 
D, it follows that DV^S-aXRUV^S is of the form VS+ ©(Q'^-^^+i)), 
where V is as described in the statement of the lemma. On the other hand, 
by dH, 

A„V™5 = V™A„5 + ^(VPi^)(V«S) + a ^(V?'+ii?)(V«-i5) 

(54) 

+ 0(Q"/2-2-Cm-l)), 

where p + g = m, p > 0, and <? > 1. When we use to construct 
each index attached to S on the left-hand side of either remains fixed or 
moves onto an R. Note that V^A^^ is C>(Q'=-(™+i)) and that n/2 - 2 - 
(m - 1) > A; - (m + 1). Thus A„V™S = ^(V^i?)(V2'5) + ©(Q'^-^^+i)). 
Here x + y = m, x < m, and y < m. If a = 0, then we have 1 < y and 
X < m—1. By Theorem l4.7l and by our inductive assumption, it follows that 

A« V^S = VS+ 0(Q'=-('^+^)), 

where V is as in the statement of the lemma. □ 

The usefulness of Lemma 14.91 results from the next proposition, which 
generalises to ambient tensors and A^-Laplacians a result of p^ . 
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Proposition 4.10. Let k > 1 be an integer. Then for any T G l'^{k — ^] 



there is an S e T^{k - f ) such that T - S is 0{Q) and A«5 is 0{Q''^^) 



2 ' 

_\ o^,^h ihni^ — Q n(n\ A Q 0(0^' 

2 . 

Proof: Let w := k — n/2. Suppose that Sm-i G '^^{w) is such that 
T - Sm-i is 0{Q) and A^Sm-i = Q'^'^E. (Then E G T'^{w - 2m).) If 
A G T'^iw - 2m), then 5^^ := ^^^-i + Q'^A G r*(u') and T - 5^ is 0{Q). 



We have 
Now 



m—1 

A^Q^A = Q^[A„, Q]Q^-'-'A + O(Q-), 
and from and the homogeneity of A and Q this becomes 

»n— 1 

A^Q*"^ = ^ 2(n + 2t(;-4i-2)Q™-i^+ 0(Q") 

= 4m(u;+n/2-m)Q™-M+ 0(g™). 

Thus if m 7^ w + n/2 (i.e. m ^ k), then setting ^ = — [4m(w + n/2 — m)]^"'^i? 
gives A,5™ = 0(Q™). □ 

Note that the proof estabhshes much more than we require in the proposition. 
In particular, it shows that the A^-harmonic extension of T\q only fails at 
0{Q^) and that past this the extension continues. Also, if we allow w such 
that w + n/2 ^ {1, 2, • • • }, then for any T G 'T^{w) and any integer £ > 0, 
there is 5 G r*(u;) such that T - S \s 0{Q) and A„5 is 0{Q^). 
Remark: Recall that one of our central aims (at least for n > 6) is to 
understand the result of applying to the ambient curvature R. Note 

that for this it would appear that we do not need Proposition I4.1()| since by 
H22p . the ambient curvature already has the property we require of S, viz. 
that A1/2R = = 0{Q^/'^~^). On the other hand, we prefer here to treat 
in two steps. First, we derive a tractor formula for the conformally 
invariant operator ^n/2-2 on T^'^[— 2]. For this we will use Proposition l4.1()[ 

This operator arises from on T^'^(— 2). Then finally we may apply 

the operator pn/2-2 to the tractor field W. (See (|28|l ). Proceeding in this 
way, we can be sure that the tractor formula that we obtain for the ambient 
quantity ^"^^~^i?|Q is precisely the tractor formula for \fl 

n/2-2 on T2'2[-2] 

apphed to W. |||| 

Next, we need to understand how powers of the A^-Laplacian are related 
to iterations of D. We begin with a lemma which indicates the impact of 
moving Laplacians to the right of Vs. 

Lemma 4.11. Suppose that n is even and M is generic. Let a G M, it; G M, 
and T G T^{w) he given. Let 

(55) S = A^i • • • A^'' V"f T, 

where ii +Ui > 1 for each i. Suppose that k := ^f=i(ti + Ui) < § — 1. Then 



(56) S = J](V"i A^i?) • • • {V'"'>A7R){V'"''+^A7*'T) + 0{Q 



n/2-k\ 
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where vj +Wj<k for each j . IfT has any free indices in /l,?,5)) . then in Ii56]} 
these indices appear either on T in their original position or on an R. 

Proof: We proceed by induction on k. Suppose that 1 < m < ^ — 2. 
Suppose the result holds whenever 1 < k < m, and let S be as in with 
k = m + 1. If ti = 0, then by our inductive assumption we see immediately 
that (EU holds modulo 0(Q"/2-(m+i)) ^j^^ ^^^^j. ^^^^^^^ suppose ti > 0. 
Then by our inductive assumption, 

where vj + wj < m for each j. Suppose we use the Leibniz rule to expand 

A(V^i A^i?) • • • (V^«Aa^l?)(V''«+i A^'+^T). 

Then each term in the resulting sum will contain two factors of the form 
V^j+^Aa^ P or one factor of the form AV*"^ A^^ P, where P denotes R or 
T in each case. But 

AV^^ A^^P = AaV^^Aa'P - aRUV^Aa'P, 

and by we may write AqV-' Aq^P in the form 

V^Aa'^^P + ^(V^i?) A^^P + 0(Q"/2-(m+l)^^ 

Here v'^ + = vj. When we use l@U, any given index attached to P either 
remains fixed or moves onto an R. This completes the induction. □ 

Lemma 4.12. Suppose £ is an integer and £ > 1. In the generic n-even 
case, suppose also that £ < § — 1- Let T E T^{£ — ^) be given. Then 

A^-^DT = 

(57) -XAiT + ^(V^i A'^ip) • • • (V^pA"'pp)(V^f+i A^^+'T) 

+aX ^(V^i A^ip) • • • (V' A"5P)(V«+i A^'+'T) + 0{Q). 

Here Vi + Wi < £ — 1 for 1 < i < p + I, and ri + Si < £ — 1 for 1 < i < q + I. 
If a = 0, then Vi + Wi < £ — 2 for 1 < i < p, and Vp+i + Wp+i < £ — 1. If, 
on the left-hand side of i57]} . T has any free indices, then on the right-hand 
side these indices always appear on R or in their natural positions on T . 

Proof: Suppose that n is even and M is generic. If ^ = 1, the result follows 
from (fn)l. Now suppose that £>2. Prom ifTHl and we have 
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2{e - l)Ai-^V aT - K-^XaA^T + aAi-^XARUT 
2{i - l)AyVAT - [Ai-\XA]A^T - XaA'-^A^T 
+a[A'-\XA]RnT + aXAA'-^RUT 



i-2 



= -XaKt + 2{e - 1) A^-i V^T - K'^^'i^a, XA]AiA^T 

1=0 

f ^"^ \ 
+a( J]A^2-[A,,Xa]A*^ \R%lT^aXAA^-^R%lT 

^ t=0 ' 
= -XaKt + 2(£ - 1)A'-^WaT - 2 ^ Ai-2-^ V^A^ A,r 

i=0 

f ^"^ \ 
+2a ( A'-^-'VaK ) Rm + aXAA'-^RUT. 

Each of the original indices on T remains fixed in the above calculation except 
in the terms of R%T^ where it may either remain in its original position on 
T or move onto an R. By H44p . we may re-express this in the form 

A^-^DT = 

-XA^T + Z A'^RVA'dT + a ^ A^^ (Vi^) A^T 

(58) 

+aAi~^VRUT + a E AP'i^VA^'i^tJS^ 

+a E (Vi^) A^»i^tttiT + aXA'-'RUT + 0{Q), 

where Sj + tj = £ — 2 for each j and + = ^ — 3 for each i. When we use 
to construct l(KH|l . each index on T or i? either remains fixed or moves 
onto an R. In the right-hand side of the coefficient of XA^T is exact. 
Otherwise, no attempt has been made to present the coefficients precisely. 
At this point we need only the general form of the expression. Where there 
is a coefficient a presented, this means, as usual, that all terms of this form 
appear with coefficient a multiple of a. 
For ambient tensors U and V, 

AaUV = {AU)V + {'VU)VV + UAaV + RUV. 

Thus by using the definition of Aq, together with the Leibniz rule, we may 
re-express the right-hand side of l(KH|l in the form given on the right-hand side 
of l(K7|l . except that on each R or T, the operators V, A, and Aq, may not 
be in the order given in IjSTp . But by Lemma [4.11| we may indeed re-express 
the right-hand side of in the form given on the right-hand side of (|H7|l . 
In doing this, we may move an index that was originally attached to an R 
or a T, but we always move the index onto an R. In the new expression, we 
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have Vi + Wi <£ — Iforl < i < p+1 and rj + Sj <£ — Iforl < i < q + l; this 
follows from Lemma [4.111 In the a = case, the fact that Vi + Wi < £ — 2 
for 1 < i < p follows from the fact that simplifies to 

A'^-^DT = -XA'^T + A'^RVA^^T + 0{Q) 

when a = 0. □ 

We are now ready to show that the powers of the A„-Laplacian can be 
re-expressed as a sum of compositions of tangential operators. 

Proposition 4.13. Suppose k > 1 is an integer. Let w = k — ^, and let 
V G T^{w) be given. In the generic n-even case, suppose that k < ^ — 2, or 
a = andk <^-l, or r*(u;) = T{w) andk<^-l, or T*(u;) = r^{w) 
and k < n/2. Then 

(59) (-If-^XA, ■ ■ ■ XA,_,^iV = AD A, ■ ■ ■ Da,_,V + VV + 0{Q), 

where V is a linear differential operator of order less than 2k given as a 
partial contraction polynomial in Xa, Da, Rabcd, hAB, o,nd h^^ . If, 
in V has any free indices, then for every term of VV , these indices 

appear either on R or in their natural position on V . The indices Ai are not 
skew- symmetrised. 

Proof: The case of F G 7'^{w) is treated in jJZj. For the remaining cases, 
we assume, as usual, that we are in the generic n-even setting. 

We begin with the case k < ^ — 2 and the case a = 0, k < f — 1, and we use 
induction on k. Suppose that 1 < m < §—3 or that a = and 1 < m < §—2, 
and suppose the result holds whenever k = m. Let V G T^{m + 1 — ^). 
By Proposition 14.101 there exists an 5 € T'^{m + 1 — ^) such that F — 5 is 
0{Q) and is 0{Q'^). Then by our inductive assumption, 

{-ir-'XA,---XA^^,A^iDA^S) = 

(60) 

AD A, ■ ■ ■ Da^_, (Da^S) +VS+ OiQ), 

where V is of order less than 2m. If, on the left-hand side of S has any 
free indices, then in each term of VS, these indices appear either on R or 
in their natural position on 5. Now apply Lemma [4.121 with £ = m + 1 and 
T = S. We conclude that 

-Xa^A^+'S+0{Q) 

(61) 

+ ^(V^i A^'ii?) • • • {VpA'^pR){V''+'Aa''^'S) 

+aX ^(V^'i A*ii?) • • • (V^« A*«i?)(V«+i aL«+^5). 

Here Vi + Wi < m for 1 < i < p + 1, and ri + ti < m for 1 < i < q + 1. If 
a = 0, then Vi + Wi < m — 1 for 1 < i < p and Vp+i + Wp+i < m. If, on the 
left-hand side of l(?)T|l . 5 has any free indices, then on the right-hand side of 
this equation these indices appear on R or in their natural positions on S. 
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Since A^S is 0{Q"^), we may assume that Wp+i = tg+i = in l(?)T|l . Thus 
by Theorem 14.71 and Lemma we have 

(62) A-I?^„5 = -Xa^^T'S + VS+ 0{Q). 

Since fp+i < m and rg+i < m in (E^), it follows that the order of V is at 
most 2m in If, in 5 has free indices, then in these appear 

either on R or in their natural positions on S. From (j6()p and (|62|1 it now 
follows that 

(63) {-irXA, ■ ■ ■ Xa^^T^S = ADA, ■■■Da^S + VS+ 0{Q). 

But Da acts tangentially along Q, and A acts tangentially on fields homo- 
geneous of degree 1 — n/2. Thus ADa, ■ • • -Da™ + V acts tangentially on 
5. By Proposition 14.81 A™"*"^ also acts tangentially on S, and so we may 
replace S with V on both sides of l(63|l . This completes the induction. 

Finally, suppose that 7'^{w) = T{w). By the Ricci flatness of the ambient 
metric, it follows that R^V is 0{Q'^/'^-^). Thus for 1 < /c < f - 1 we see 
that A^F = A^'y + 0{Q), and the result follows from the case a = 0. □ 

We are now ready to prove Theorem 14.11 and at the same time describe 
tractor formulae for the operators D^. We begin with the tractor formulae. 

Theorem 4.14. Via the algorithm implicit in the inductive steps above, the 
operators have tractor formulae (for m in the ranges given in Theo- 
rem \4-l\j as follows: 

{-ir~^XA,---XA^_,uz,u 

(64) 

= uda,-..da^.,u+v''^;:\j,_u, 

where the differential operator 7?*'™- is a partial contraction polynomial in 
X, D, W, h, and h^^ . Thus for m ^ n/2, 



(m-l)!(n™2(n-2z))n°C/ = 

(65) D'^'-^---D^'DDa,---Da^_,U 

. . . u. 

The indices attached to U on the left-hand side appear, in each term of 
V^'"^U, on U in their original position or on W . The indices Ai in J6'^| j and 
(6',5)) are not skew-symmetrised. 

Proof of theorems 14.11 and I4.14t Recall that D descends to D, and 
A : T*(l — n/2) T*(— 1 — n/2) descends to the generalised conformal 
Laplacian operator □. (See (|T7|l .) Thus is an immediate consequence 
of Proposition 14.131 From this the claims of naturality are immediate from 
the naturality of X, □, D, W, h, and That the have leading term 
A™ follows easily from the expression lfTH|l for D and the identities ^ for 
the tractor connection. Then note that follows from and (|T!Hl . □ 
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4.2. Calculating explicit formulae; examples. One can easily compute 
explicit formulae for the obstruction tensors in low dimensions. From the 
proof of theorems 14.21 and 14. 4| above, we know that in dimension 4, Oab is 
simply —^Bab, where Bab is the Bach tensor as given in (0). 

In dimension 6, we have m = 1, and the relevant ambient operator from 
Proposition Ol is 4 : T2'^(-2) T'^''^{-4), which descends to 

(66) □ + ^W^^ =: pi : T^^'^[-2] ^ T'^'^[-4]. 

The left-hand side of is the tractor formula for pi. By Theorem 14. 2| 
applying this to W (see JSHI)) yields the obstruction tensor via the identity 
That is, 

where we have used the fact that k{6) = 2^. Thus 

640ceX[BZcf Zie"^ X j:,^ = 
DWbcde - W^cb^Wfade - W^cd^Wbafe - W^ce^Wbadf- 

But AY^Y° Z'^ aZ'^bX^^BBcWEXo] = Oab- Thus in any conformal scale, Oab 
is given by the following formula: 

^y^y^z^.z^b (uWbcde 

(67) 

- W^cb^Wfade - W^cd^Wbafe - W^ce^Wbadf) • 

If one expands using ((HI), if^ . and the definitions of □ and the tractor metric, 
it is an entirely mechanical process to rewrite iffTTjl in terms of the Levi-Civita 
connection and its curvature (with metric contractions). A computation 
using this process together with Mathematica and J. Lee's Ricci software 
package (^Ij) shows that 

^ab = jQ^Bab — \ jBab + ^Bcd.Ca'^b'^ - \PaN'^\ab)'^ 

(68) 

_i_ 1 4 4c d 1/1 Ad c 1a Y7C T i 1 p pd c e 
'J-^cad-^ b 2 cad^ b J-^(ab)c^ 'J "T 4-* cd-' e<-^a b 1 

where A and B are respectively the Cotton and Bach tensors as given in 
l(29|l and (|3?Hl . This formula for 0\ agrees up to a constant factor with the 
formula given by Graham and Hirachi in |29| . 

In dimension 8, we find that Oab = '^{^ {ah)-, where is as given in Fig- 
ure ^ (For typesetting convenience, the figure uses Bab\cd as an alternative 
notation for WdVcBab, and so forth.) To see that 0®^, = T(„b), we begin by 
constructing a tractor formula for p2 on T^'^[— 2]. Let T G T^{—2) be an 
extension of any element of T^'^[— 2]. By Proposition 14.101 we may assume 
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— Bab\c^d^ + ^^Bab\c'^J — '28B ab\cdP'^'^ + "^^B ac\bdP'^'^ 
-AB,d\e'Ca%'' - 2ABac\dPb'f " 2AB,d\aPb'f + b&B ac\dP b'' \' 
-QBab\cJf + l2Bac\bJf + 2AB,d\aP"^\b " ^2Bac\dP"^\b 
-AB,d\eCa%''C + ^.BabJlc" " 165^^^'=^^' " 40S,rfPa,|'='^ 
+56B,dPa'\b'^ - ^BacBb' + 3B,dB'^gab - 2ABabP - UBacPbdP"^ 

+ 76BabPcdP"' + 28B,dgabP'eP''' + WB.dJCa'b'' + 325,^^,^^;,^'^^ 

O/l O DC /^a!ei/|D /"< C/^ edi o rj c ide o A j dc 

— 'iWcdr^ e^a b +Wcd^ae i'-'b —OOcd^ae i'-^b — oAacbJ \d 

— ?,2Aacb\deP'^'^f — '^QAacd\eAb'^'^f + l6Acda\eA'^'^ bf — 32Aacb\dJ f'^ 
+32A,ad\ePb'P''^ - QAAabcldP^^J " 128^1^0^16^'^^"'^ - USA.adlePb'^P'' 
-608 AacbldP'eP''' - 32A,ad\bP%P''' + 32Aacd\eP'iCb'''' 
-i-32Acad\eP^ iC b'^'^^ + 32Aacd\eP'^iCb'^'^^ + 32Acad\eP'^iCb'^^^ 

— Q4:Aabc\dPeiC'^'^'^'^ + 32PcdPeiCa'^b'^\'^^ + 32P cdJ \eCab'^\ 
+32A,deP''iCa%'l' + 32A,deP''iCa%'C + GAA^cdP eiCb'''' \' 
+6AAcadPeiCb'^'^'^\ + 8J |c/ IdC'a'^fe'^ — 16-Pcd|e-P'^i|'^C'a'^b* 
-{-32AcadJ \eCb'^'^^ ~ 32AcadJ \eCb^'^'^ ~ ^^A^de-^'^'^iCj'b^ 
-\-32 Ac^^A'^'^ iC a b'^ — 32 Aacd-^e^ iC b'^'^^ — 32 A^ad-^'^ eiC b^'^^ 

— 32 Acad^efC b"^^ + QAAcad^ebiC^'^'^^ — 32 Acad^ebiC'^^'^'^ — GAAacdPb'^J 
-6AA,adPb'^J\' - 32AabcJJf - lQA,daP"^J\b - 22AAacbP'dJ\'^ 
-96A,adAe'^Pb^ - imA,adA'"^ePb' " 224^,,;,^^^^^^ 
-QQAabcAd'eP'^^ - 320 A.adAeb'^P"' + 736 A,adA\eP''' 

-96AacdPb'^\eP''' - 96A,adPb'^\eP'' " 192A,adA%eP'^' 

_Llf;p pc 1^ d 1^ iej p pc r~< d jei p p c/^deij 

+ -Ltl-rcd-r e^ai j^b — o^r^cd^ at j^b — 'J'^-Tcd^ ei^ ajb ^ 

_L/I«-. P P e r^dijk a„ p p rtce rtdjik QO p p peirf c d 

+^gab^cd^ei'^ j — ^9 ab^^ cd^ ei*^ jk^ — O'^-T cd^ ei^ b 

+32P,aP%JCa\' - 224P,dPeiP''Ca\' + IbOgabPcdPeiP'jC'^'''^ 

+ ^^OgabPcdPeiP'^jC'^^^^ — 32P acP deP'^ iC b'^'^^ — 6AP acP deP''' iC b^'^^ 

Figure 1. A tensor Jab such that Of^ = -^J[ab) 

that 4lT = 0{Q). Thus by (dl), JSgi, and (jSH), we first obtain 

^J^aTbcde = 

-Xa^Tbcde + 2[A, Va]Tbcde + RtP^ aTbcde 

(69) 

-IXAimmMTBCDE + Xa{V\I\R)U^\'^TbcDE 

+0{Q). 
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Here the |-| indicates that the enclosed index is not involved in the hash 
action, and (-Rtttt-R)tttt7BCD£; denotes the double hash of R^^R with Tbcde- 
From JMll together with ©, JUll, (ESl, and it follows that 

^TDaTbcde = 

-Xa^^Tbcde - 2Ra^b^DpTqcde - 2Ra^c^ DpTbqde 
-2Ra^d^DpTbcqe - 2Ra^e^DpTbcdq 
+\RUDaTbcde - IRUXaRUTbcde 

-\XA{RnR)nTBCDE + \XA{D\i\R)nD\'\TBCDE 

-\XAXi{RnR)nD^'^TBCDE 
-\XAX\D\i\R)URnTBCDE + 0{Q). 

Since the dimension is 8, it follows from (0 that X^DaV = -W + 0{Q) 
for all V G 2). Thus from the definition of we see that 

X a^Tbcde = 

-ADaTbcde - 2Ra^b^DpTqcde - 2Ra^ D pTbqde 
-2Ra^d^DpTbcqe - 2Ra^e^DpTbcdq 

-IRUXaRUTbCDE + \XA{RnR)nTBCDE 

+\XA{D\i\R)nD\'\TBCDE + IXaRURUTbcde 
+0{Q). 

We restrict ifTT)]! to Q and then attach Y"^. The result is that for any T S 

^iTbcde = 

-Y^UDaTbcde - IY^Wa'^b'^DpTqcde 



(70) 



(71) 



^Y^Wa^c'^DpTbqde - Iy^Wa^'d'^DpTbcqe 
^Y^Wa^'e'^DpTbcdq - ^Y^WUXaWUTbcde 



2 

IvA 



+hmW)UTBCDE + UD\i\W)UD\'\Tbcde 

+^wnwnTBCDE- 

We next use (|7T1) to construct a tractor formula for O^^. Prom Theorem l4.2l 
we have 

(72) Ol, = -^Y''Z^,Y''z'',\f]2WBCDE. 

A short computation shows that 

WUWUWbcde = {WUWMWbcde. 
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Thus from and JZ^l we have 

+32Y^Wa^b^DpWqcde + 32Y^Wa^c'^DpWbqde 
(73) +32Y^Wa^d'^DpWbcqe + 32Y^Wa^ e'^DpWbcdq 

+Y^WnXAWnWBCDE - ^WUWUWbcde 

-A{D\i\W)nD\'\WBCDE) . 
By using the same techniques as in our derivation of , we see that O^^, = 
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